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The precision attainable in the measurement of distance by
radar means is very high and it was the use of such methods
over accurately surveyed baselines which first drew attention
to the fact that the velocity of electromagnetic waves is some
16 kilometres per second greater than the previously accepted
value. Two recent determinations, one of which is based on
the use of radar techniques, have substantiated this higher
value (299,792 kilometres per second) for the velocity of
propagation in free space. Activity in many other branches of
physical science is similarly being stimulated as the application
of radar methods of experiment and instrumentation becomes
more widely known.

The successful reception of radar echoes from the Moon by
the United States Army Signal Corps in January 1946 is
noteworthy as the first step in sounding the universe, a step
only made possible by the extraordinary instrumental de-
velopments which are an essential part of radar. The applica-
tion of the same general techniques has opened up an entirely
new field of astrophysical investigation, the study of the Sun
and the stars by means of the radio-frequency radiation of
thermal and electro-dynamic origin which they emit. This is the
province of Radio Astropomy, a new branch of science which
has already produced something of a revolution in astronomical
ideas and which may well lead to a reconsideration of the
philosophy upon which our theories of the universe are based.



CHAPTER 11
FUNDAMENTALS

1. Components of a Radar Set

THE components of a simple radar set are shown in schematic
form in Fig. 4. The sequence of events originates in the
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Figure 4.—Components of an elementary radar set,

modulator which produces a series of short DC pulses at the
choeen recurrence frequency. These are converted into radio
frequency pulses in the transmitter and radiated into space
from the transmitting aerial. Some of the energy leaks back
to the receiving aerial whence it is conveyed to the receiver,
amplified and made to cause a vertical deflection of-the cathode
ray tube spot. This first signal is known in radar terminology
as the “ direct pulse.”” The greater part of the radiated energy
travels outwards and that part impinging on hills, ships, waves,
aircraft etc. is reflected, giving rise to echo signals in the
receiver which arrive with delay times corresponding to the
time of travel of the wave to and fro. For clarity in presenta-
tion only one echo is shown in Fig. 4.

In order to distinguish the various returned echoes, a hori-
zontal deflection of the cathode ray tube spot, the time base,
is superposed giving the characteristic trace depicted in the
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figure. This trace is ropeated each cycle so that it appears
stationary to the eye. The range of the target is then obtained
by measurement of the displacement of this echo signal from
the main pulse. The bearing is obtained by rotating the
aerial in azimuth to give maximum signal strength.

Fig. 5 shows schematically a second equipment which
represents a more modern type of set. It has a single aerial
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Figure 5.-—Components of a typical radar set.

for transmitting and receiving and an elegant form of display
known as the Plan Position Indicator (PPI).

In order to transmit and receive on the same aerial, a special
duplexing component known as the TR switch is used. This
consists of an extremely quick-acting switch which discon-
nects the receiver during the transmitted pulse and cuts off
the transmitter for the remainder of the time.

In the PPI display the time base is radial and starts from
the centre of the tube. Instead of causing a deflection, an
echo causes the spot to brighten at the appropriate range.
The aerial is made to rotate continuously and the time base
rotates in synchronism with it. As the beam comes on to a
target, the spot brightens, traces a small arc of a circle and
disappears again as the beam goes off the target. In this way
each echo gives rise to an elongated bright spot at the appro-
priate range and azimuth. In order to give a more or less
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permanent pattern on the face of the cathode ray tube, a
long-delay phosphor is used which has a decay period of the
same order as that of the serial rotation. The PPI display
is most spectacular when used in ap airborne radar equipment
looking at the ground below. A picture of the countryside
is then drawn on the screen as shown in Plate I.

The arrangements shown are not exclusive ; timing may
originate in a unit other than the modulator, the aerial may
be required to search in elevation as well a8 in azimuth, and
8o on. But the two figures do represent arrangements of real
radar equipmenta and serve to illustrate the interrelation
of radar components with a minimum confusion.

2. The Echoing Process

The fundamental equation for the intensity @ of a wave at a
distance d from a transmitter of power P and aerial gain @ in a
given direction is
PG
? = o

When & wave is incident on a target a certain amount of
energy is intercepted. This is partly absorbed and partly
scattered, but for most radar targets the scattering pre-
dominates. The directional pattern of the scattered radiation
is quite complex and varies radically with slight changes in
orientation.

We apecify the backward scattering or echoing power of an
object in terms of its * echo cross section ' ¢ for a particular
orientation and polarisation of incident and scattered waves.
If the object is in a plane wave of intensity @,, the intensity
of the scattered wave in the backward direction @, at a large
distance d is given by

[ 1
=5 (1)
Consequently we may associate @,0 for the echo wave with
P& for the primary wave and consider @®,0 as the product
of two factors, total power scattered and directional gain of the
scattered power,

m-
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In the case of a non-absorbing object large with respect to
a wavelength the total scattered power is @,8 where § is the
projected area. The case of a large sphere is particularly
instructive because it scatters equally in all directions, so that
o = 8. Table 1 gives values of ¢ for some common objects.

Objects which, for their size, have unusually high values of o
are tuned half wave dipoles and large flat plates normal to
the .direction of propagation. The former depend on inter-
cepting a large amount of energy relative to their size ; the
latter on concentrating the energy intercepted. The enormous
echo from a large flat surface is restricted to a very small range
of angles about the normal. If, however, a ray is reflected
in turn from three planes at right angles, the internal corner
of a cube, the emergent ray is returned in the same direction
as the incident ray and the arrangement gives a large echo
over a considerable range of angles.

In military practice the targets of most interest are aircraft,
ships, and topographical features. In each case these are large
and of complex shape so that the directional diagram is also
complex. If the target moves, this lobe pattern changes
continually causing the received echo to undergo deep fading
which is characteristic of the target.

Reported measurements of the mean values of ¢ for aircraft
show great diversity. However a value of from 1 to 10 square
metres, independent of wavelength in the range 3 to 200 centi-
metres, yields sensible results when used to calculate the
performance of radar equipments.

In the case of ships, practical problems are complicated by
the fact that the ship extends over a region of grossly varying
field. An empirical treatment! based on the hypothesis that,
on the average, the ship structure is complex enough to be
treated as a “ white body ”’ in the optical sense, appears to
give a fairly good approximation. At close ranges where the
echoes are not reduced below those for free space, values of o

' M. V. Wilkes and J. A. Ramsay, ‘A theory of the performance of radar
on ship targets,” Proe. Camb. Phil. Soe., Vol. 43, 1947, pp. 220-31.



(a) 10-centimetre radar PPI display. Rain associated with a typhoon
in the Pacific.

[ By courtesy of Royal Navy.

{b) 3-centimetre radar range-height display of strata of heavy ecloud,

presumed containing large drops, near Cambridge, Massachusetts. U.S.A.

The towering structures to the right of the picture lie between 6 and 8
miles out.

[ By courteay of Radiation Laboratory Massachusetts I'nstitute of Technology.

Prate 1I.—Examples of rain or cloud echoes.
gee p. 37]
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entire surface, 4 is equal to the arca independently of the
wavelength. In practice, due to non-uniform illumination,
A is always less than the area, the factor being about 06 for
common aerials and dropping to very low values for aerials
designed to have peculiar diagrams.

For aerials of similar design, equation (3) indicates that
the gain for a fixed aperture is inversely proportional to the
square of wavelength. In the case of broadside aerials this is
associated with a beam width given roughly by A/a radians
where a is the width of the aperture in the relevant direction.

Now let

P = transmitter power delivered to aerial (watts),

p = received power delivered to receiver (watts),

P, = minimum detectable signal (watts),

G = aerial gain (G, transmitting, G, receiving),

A = aerial absorption cross section (4, transmitting,
Ap receiving) (square metres),

@, = intensity of primary wave at target (watts per

square metre),
@, = intensity of echo wave at receiving aerial (watts
per square metre),

t

o = target echo cross section (square metres),
d = target distance (metres),
d, = ultimate range on particular target (metres).

In free space the primary wave intensity at the target is
given by
_ PGy
-
the scattered wave intensity at the receiving aerial by
o®,
‘7 dnd?
and the power delivered to the receiver by
p = Ag?,.

2,

Hence
_ AgoPGy
p= (4nd?)?
It is convenient to use this equation to specify ultimate range
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d, of a radar equipment for a particular target. Then d
becomes d,, p becomes p,, and in addition we use equation (3)
to eliminate either 4 or @, giving

P Ay Apo P Ala

T il
d p, 4mi? or p, 4ni?

(4)

or
2 2]2
=}:GTG‘RJlaorf_’Gﬂ.u (5)

p. (3P ° p, (@dap
where in each case the second equation refers to the usual
single aerial case.

These are the basic free space radar equations.

It is noteworthy that, because of the twice repeated diver-
gence of energy in radar, d, varies as the fourth root of P/p,.
Consequently great increases in power pay small dividends in
increased range. Aerial aperture is a more important range
controlling factor, d, being proportional to the linear dimensions
for similar aerial types.

The variation of ultimate range with wavelength requires
careful consideration. When the limit to aerial gain is set
by the physical size of the aerial, equation (4) applies and d,
is inversely proportional to v/ 4. In certain cases however the
aerial is required to have a specified polar diagram so that G,
not A, is fixed. Equation (5) then applies and d, is, in contrast,

directly proportional to v'A.

These equations suggest that a useful figure of merit for the
sensitivity of a radar set is the calculated value of d, for unit
echo cross section. It is particularly apt because the effective
echo cross section of an aircraft appears to be of the order of
one square metre, so that values of d, calculated in m.k.s. units
give approximately correct ranges to aircraft.

Numerieal Values

In these equations all quantities concerning the radar equip-
ment are measured and specified except for the minimum
detectable signal p,. This depends on the noise generated in
the receiver and on display factors which usually permit
detection of a signal about equal to the receiver noise power
referred to the input terminal. Table 2 gives these quantities

d,?
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for a few typical radar sets, p, being estimated in the manner
indicated above, together with calculated values of d, and
observed ultimate ranges of aircraft.

Coverage

For a stationary aerial and a given target, the ultimate range
in different directions varies owing to the directivity of the
aerial. The locus of points at which the target gives a just
detectable signal is a surface in space known as the “ coverage
diagram " of the system.,

This diagram is geometrically similar to the polar diagrain
of the aerial expressed in field strength, not power. This is
readily seen since, in a direction in which field is reduced by the
factor a in Fig. 6, echo field is reduced in the ratio a® and

)
0

Figure 6.—Coverage diagram of an equipment. This is geometrically
similar to the polar diagram of the aerial expressed in volts.

echo power in the ratio a®. Consequently range is reduced by
the factor (a*)! which equals a. The coverage diagram is
simply a special contour of a family which gives equal echo
strengths and also equal primary fields at the target.

It is clear that the requirement of a specific coverage diagram
for a given target defines the aerial gain and hence for a given
wavelength the power ratio P/p,. From equation (5) it
follows that this ratio is inversely proportional to A% This
result is at first surprising but is related to the greater area
and absorption cross section of longer wave aerials for the
given gain.

This power ratio is not exactly related to volume or cross
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sectional area of a coverage diagram but a very useful approxi-
mation exists in the case of a so called ** rectangular '’ aerial.
In this case ;P « & ®)
L]
where 8 is the area of the section of the coverage diagram cut
by a plane through the aerial parallel to one or other side.?
This concept, presented for a stationary aerial, can be
extended to cover merials which scan by inserting factors to
cover the loss of sensitivity arising from the scanning process,
A useful application is to the case of an air warning radar set
with an aerial which rotates about a vertical axis. In order
to detect aireraft at appreciable angles of elevation the vertical
section of the diagram must be wide. If it is too wide the aerial
gain and hence ultimate range will be unduly decreased.
Equation (8) indicates the actual relationship, § being the
vertical section of the coverage diagram. If, for example,
the vertical coverage is to be everywhere doubled by adjust-
ment of the vertical aerial diagram alone, the horizontal
cover or range will be halved in order to maintain the vertical
section constant. Alternatively if we wish to maintain the
ultimate range by increase of power, the required increase
will be proportional to 8% or 4 times.

4. Normal Propagation

We shall now consider the departures from free space propaga-
tion which occur in practice due to the presence of the earth.

The earth gives rise to a ground reflected wave which reacts
with the direct wave and produces an interference pattern
in the region above the horizon. Below the horizon there is a
shadow region into which some energy passes by diffraction.
The field above the horizon may be evaluated fairly accurately
from * ray theory ™ but this method fails in the shadow region.
Fortunately radar signals, unlike one-way signals, are usually
beyond the limit of detection in this latter region so that most
cases can be treated without invoking the full wave theory.

The ray theory concept is that the field at a distant point
is the resultant of a direct ray and one or more ravs reflected

3 The di luqtbnformfllljj.‘Lwhuruﬂuﬂﬁ.rnlngluwlth
r-pml-m'rm dicular sides of the aerial.
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from the earth according to the laws of geometrical optics.
In the case of transmission over a smooth surface such as the
sea there is a single reflected ray as indicated in Fig. 7.

Figure 7.—Direct and reflected rays giving rise to interference phenomena
above the horizon,

As the point P is raised the path difference increases and
the field goes through a succession of interference maxima and
minima. If the relative amplitudes a, and a, of the rays
leaving the aerial are equal, then the maxima are of magnitude
1+4|k| and the minima 1-—|k| relative to the free space
- fields where k& is the reflection coefficient. In the case of
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Figure 8.—Normal coverage diagram in presence of the earth.

the sea k is very nearly equal to —1 for both vertical and
horizontal polarisation at small angles of elevation. The
vertical coverage diagram is therefcre modified in the way
indicated in Fig. 8, a series of lobes being formed with the
first minimum on the surface. The range of detection in the
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middle of the lobes is almost doubled but at the expense of
gaps in coverage.

Referring again to Fig. 7, if atmospheric refraction and
earth curvature are neglected, the path difference A between
the direct and reflected rays for h, and k, much less than d, is
given by 2hh,

4= .
d
For a reflection coefficient of —1, the resulting field strength for
one-way transmission is modified by the factor 2 sin 2xh b,/ Ad
which has a zero at the surface, and for low heights increases
linearly with height. In this region, writing the angle for
its sine, the modified form of the basic radar equation (4)

gl P (kY
’ Pa Mc 1.?!1’
or &= f @J h]l Ayt - Alﬂ.
L] P. 1.,

It is of interest that d, is proportional to (P/p,)t, k3, kyd
and to A7) For constant aerial gain, equation (5} applies
and d, is proportional to A% It is not permissible to neglect
earth curvature except at rather short range, so that these
squations are restricted in application. The theory for a
spherical earth has been discussed by Jaeger.® It is found
that as for a flat earth, the range of detection at low heights
is greatly enhaneced by the use of microwaves and by increasing
aerial height.

The above treatment is applicable to propagation over the
sea or smooth ground, Propagation over irregular ground is
very complex.

Normal Refraction

S0 far we have neglected effects due to refraction. These
oceur even in & normal atmosphere as the refractive index
decreases with height and so tends to bend rays downward.

* Jasger's work is unpublished. Bee Radioc Wave Propagation (N.D.R.C.
Report), Aeademic Press, New York, 1949, pp. 53.63,
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If the gradient of refractive index with height is uniform, its
effect can be treated elegantly by a method due to Schelling,
Burrows and Ferrell,* in which the coordinate system is trans-
formed so that rays travel rectilinearly and the effective radius
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Figure 9.—Typical shipboard radar coverage diagrams.

of the earth is modified. This is usually a good approximation
using an effective radius increased in the ratio 4/3. There is
evidence that for low heights over the sea, especially in warm
climates, a factor of 2/1 gives better results.

In Fig. 9 are shown vertical sections of typical shipboard
radar coverage diagrams on 1-5 metres and 10 centimetres

¢J. C. Schelling, C. R. Burrows and E. B. Ferrell, ** Ultra-short wave
propagation,” Prec. I.R.E., Vol. 21, March, 1933, pp. 427-63.
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from which are apparent the outstanding features of increased
number of lobes and decreased height of the bottom lobe with
reduced wavelength. Land-based air warning equipments

employ larger aerials, and ranges of detection of aircraft from
70 to 200 miles are usual.

5. Superrefraction

We have already mentioned that the normal atmosphere,
because of its greater density near the ground, causes some
bending of rays around the earth. This causes an increase of
signal at points near to and beyond the horizon. It is quite
common for this effect to be accentuated markedly by the
presence of low lying masses of optically dense air. Under
these conditions, ships, low flying aircraft, and land are often
seen at distances up to one or two hundred miles by radar
sets which have normal ranges of perhaps 20 miles. The
phenomenon is known as superrefraction. The converse
condition in which signals from low lying objects are reduced
occurs but is less common.

Superrefraction has been studied extensively and a theory
due to Booker® gives a good qualitative explanation of the
phenomena. Such confirmatory measurements as have been
made do not show good quantitative agreement, however, and
it is not clear whether this is due to the paucity and complexity
of the data or to the omission of an essential factor such as
heterogeneity of the atmosphere.

The refractive index of air for most radar wavelengths
differs from that for light in that water vapour is much more
refracting in the former case. The collapse of dielectric
constant of water from 81 at long wavelengths to about 1-7
at light wavelengths does not commence till near the absorption
band at 1-2 centimetres. Consequently humidity plays a
very important part in superrefraction.

* H. G. Booker and W. Walkinshaw, *“The mode theory of tropospheric

refraction and its relation to waveguides and diffraction,” Physical and
Royal Meteorological Societies’ Report, 1047, pp. 80-127,
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The index of refraction of moist air » is given by the semi-
empirical formula

. +{7;Pa + 330,;30::} 10—s

where P, = partial pressure of dry air (millibars), ¢ = partial
pressure of water vapour (millibars), 7' == temperature (degrees
Kelvin). We shall tentatively use ray theory and note that
bending of rays is caused by gradients of refractive index.
Quantitatively, for nearly horizontal rays the curvature y of
the ray can be shown to equal the vertical gradient of refractive

n + an i

Figure 10.—Passage of a ray through horizontally stratified dielectric.

index as follows. Referring to Fig. 10 which depicts a ray
passing through a horizontally stratified medium, Snell’s law
gives
cos (x + Ax) n
cos & = n + An '
For small values of « and n approximately unity this gives

1 — 4 (x + Ax)?

1 — = =1 —
An = e = 1 —ada .
Substituting 4k/Axz for « and rearranging gives
An Aa
Ah ~ Az ¥

as stated in words above.
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If we transform coordinates so that the earth is flat a ray
will have a net curvature y,, away from the transformed earth,
given by

_dn n 1

i"dn " a
where @ is the radius of the earth. This transformation is
illustrated in Fig. 11. We could, from measurements of

- T77I77 777777777777
% ®

Figure 11.—Transformation to a flat earth. The symbols indicate curva-
tures away from the earth.

temperature and humidity over a range of heights, calculate
n for each height, deduce dn/dh, and by adding 1/a determine
whether a ray was being bent towards or away from the earth.
The standard procedure now adopted is to introduce a new
quantity, the “ modified refractive index ™ M, defined by

= [ -0 +2] 0

where A is the height above an arbitrary datum. Modified
refractive index is plotted against height. The slope dM /dh
of this line then defines the relative ray curvature y,, since

dM dn 1) . .

In the formula defining M, the 1 and the 10® are introduced in
order to give M values convenient for plotting (M is in typical
cases about 300). In order to clarify the effect of positive
and negative gradients of M, Fig. 12 illustrates ray paths for
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the two simple cases of constant M gradient, (@) positive,
(6} negative. If mean values of the variation of temperature
and humidity with height are taken, as in the specification of
the NACA® standard atmosphere, it is found that M varies
approximately linearly with height, as in Fig. 12 (a), up to a
considerable height. The gradient d M /dh iz about + 35 per
1000 feet and the effective earth's radius is increased to 4/3

oz e FAETEETTAES "
{b)

Figure 12.—Ray paths and M.h curves for constant dM/dh.
o} dM/dh positive. (B) dM/dh negative.

of its value neglecting refraction. As in the case without
refraction there is a definite tangent ray and no ray can, on
this restricted theory, penetrate into the shadow region beyond
the radio horizon.

The case of Fig. 12 (h) is in marked contrast in that rays
are being continually bent towards the earth and no shadow is

W, 8. Diehl, ** Standard atmosphore —tablos and data,’” National Advisory
Committes for Aeronautics, Technical Report No, 218, 1925,
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formed. This negative gradient of M cannot persist to great
heights because the refractive index at the surface only exceeds
unity by a small amount and cannot decrease below unity.
Nevertheless it is only necessary for the radar set to be within
the region of negative gradient for nearly horizontal rays to be
prevented from escaping. This is illustrated in Fig. 13.

-
PP7 777777 77777 S M

Figure 13.—Ray pat.hi and M-h curve for simple duct with base on surface.

This phenomenon, which does not depend on the precise
shape of the M curve but only on the location of the trans-
mitter within a region of negative M gradient, is known as
trapping. The region of negative gradient is known as a duct.
A duct acts as a waveguide in guiding energy along its length
from a source within it.

We have however omitted an important factor in treating
the phenomenon from the point of view of geometrical optics.
The theory is invalid if the structure is not large with respect
to the wavelength. In this case the wavelength concerned is
the vertical distance between successive points of equal phase,
A cosec «, where « is the angle of elevation. For nearly hori-
zontal rays this can be large and in consequence situations
showing negative M gradients will only produce substantial
trapping if they extend over an adequate height for the wave-
length concerned. The required value depends on detailed
structure, but as a guide, 50 feet at a wavelength of 10 centi-
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metres, and 750 feet at 150 centimetres are effective. Ducts
which are not thick enough for the wavelength behave as
leaky waveguides.

The case considered so far is that of a duct on the surface.
Under certain conditions, the shape of the M curve may be
complex giving rise to an elevated duct as illustrated in Fig. 14.

___..{____.1__..
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Figure 14.——M-h curve for elevated duct.

A great many measurements have been made of humidity
and temperature of the air in the first few thousand feet above
ground using aircraft, kites and tethered balloons and attempts
have been made to relate these to radio measurements. In
general it has been shown that the existence of pronounced
superrefraction is associated with regions of negative dM /dh
and there is good qualitative agreement between theory and
experiment. On a quantitative basis there still remains some
doubt but the subject is made very difficult by the usual
complexity of a meteorological phenomenon. Normal con-
ditions are illustrated in Fig. 15 (a), and conditions associated
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with moderate superrefraction in Fig. 15 (b). The modification
to a vertical coverage diagram which results from super-
refraction is shown diagrammatically in Fig. 16.
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Figure 15.—Experimental M-h curves over sea near Darwin. (a) Typical
normal atmosphere associated with onset of north-west monsoon.
(b) Example of elevated duct (causing superrefraction) associated with
sea breeze,

[From C.S.I.R. Radiophysics Laboratory, Report RP 260, 1045.

superrefraction

Figure 16.—Modification during superrefraction to bottom lobe of vertical
coverage diagram of 15 metre radar due to surface duct of moderate
strength. Higher lobes are not seriously modified.

Superrefraction occurs frequently in many parts of the world.
It is caused when meteorological conditions are such that
relatively cold or damp air underlies warm dry air. The

BR 3
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situation which has received most attention following the
pioneer work of Booker and Woodward? is the off-shore stream-
ing of relatively hot dry air over the sea. Evaporation takes
place and if the air was originally warmer than the sea it -cools
and is convectively stable, so that a blanket of cool humid
air is formed at the surface. This condition is most frequently
developed when trade winds blow from a desert over the
ocean, and spectacular examples are known to occur off the
coasts of the Sahara Desert, Arabia and north-west Australia.

A second important coastal mechanism giving rise to super-
refraction in temperate latitudes is that known as * the
coastal front >’ by Australian meteorologists. It is essentially
the sea breeze mechanism (bringing in sea air under the con-
tinental air) engendered by a considerable contrast in tempera-
ture between land and sea. When well developed off a con-
tinental coast the effect can persist throughout both day and
night. It occurs when the motion of the continental air mass
brings hot dry air to the coast so that the general meteorological
situation is similar to that for off-shore streaming described
above, but differing in that the local winds are on shore and
not off shore. This mechanism is predominant on temperate
coasts, as for example off the southern half of Australia in
summer. Both these mechanisms show a diurnal variation
with an afternoon and evening maximum.

Over land, superrefraction can be as pronounced as at sea.
It occurs at night and is due to the cooling of the land and
lower levels of the atmosphere by radiation. It occurs prin-
cipally during fine cloudless nights and the detailed mechanism
is complicated by evaporation from or deposition of dew on
the ground and has not been extensively studied. It is of
some interest that such a radiation inversion can cause super-
refraction over the sea as it blows outward. .

? H. G. Booker, “Elements of radar meteorology: How weather and
climate cause unorthodox radar wvision beyond the geometrical horizon,”
J. Instn. Elect. Engrs., Vol. 93, Part IIIa, 1046, pp. 69-78.
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These three mechanisms tend to give ducts of the order of
1,000 feet in height and tend to influence radar propagation
similarly in the range of wavelengths from 3 to 150 centimetres.

Over the sub-tropical oceans of the world in the region of
the trade winds a further mechanism is operative. The air is
blowing into regions receiving increasing amounts of solar
energy. This energy is chiefly effective in evaporating water.
Consequently a layer of humid air is formed over the ocean.
When the wind is weak the layer of excess humidity is very
shallow ; when strong, increased turbulence increases the
thickness of the layer. The height of the duct so formed is
roughly proportional to wind speed and is about 40 feet for
a 10 knot breeze. These ducts cause pronounced super-
refraction but only at short wavelengths. Radar sets on 3
and 10 centimetres show marked effects more particularly
if the aerial is low so that it lies in the duct.

Under normal atmospheric conditions echoes from ships or
land are seen on powerful surface radar equipments up to
distances of 20 to 40 miles. Superrefraction which increases
these distances to 100 to 200 miles is common, occurring near
warm temperate coasts perhaps one tenth of the total time.
Less frequently and only in favourable localities much more
spectacular increases are observed. Thus 1-5 metre air
warning sets near Darwin, Australia, report echoes from the
coast of Timor, 300 to 500 miles distant, several times a month.®
A similar equipment near Broome in north-west Australia
reported echoes in November, 1944, from the coast of Java
800 to 1,100 miles away.

Intense superrefraction also occurs in the Arabian Sea.
Echoes on 1-5 metres from a number of places on the coast

* ¥. J. Kerr, “Radio superrefraction in the coastal regions of Australia,”
Aust. J. Sci. Res. A, Vol. 1, 1948, pp. 443-63.

iz
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from Aden to Karachi have been obtained from Bombay at
distances up to about 1,500 miles.®

Ranges of detection of ships which are normally of the order
of 20 miles are, similarly, frequently increased to 100 miles.
It is unusual for a range greater than 200 miles to be reported
but an extreme range of 700 miles has been reported from Bom-
bay.

Normal ranges of detection of aircraft at medium heights
are not so severely limited by the shadowing effect of the earth
a8 those of surface targets, and range increases due to super-
refraction are relatively less. The usual effect is an inerease
of range on low flying airoraft to 100 or 200 miles and it is
suspected, but not proved, that this is associated with some
reduction of range to high flying aireraft. Occasional in-
creases of range are reported greatly beyond the normal even
for high flying aircraft. Thus in February, 1944, the air
warning station at Geraldton, West Australin, followed a
Catalina flying boat, outward bound from Perth to Colombo,
almost continuously out to a distance of B00 miles.'®

It is noteworthy that all the above outstanding increases
of range of detection have been obtained on 1'5 metres, but it is
not clear whether this should be attributed to specially favour-
able propagation or to the particular distribution of radar
equipments from which reports are available.

6. Atmospheric Absorption
Absorption in air at ordinary radio frequencies is negligible
but at the highest frequencies used in radar, this is not so."

" H. Q. Bookee, “Elementa of radar meteorology: How weather and
climate cause unorthodox redar vision beyond the geometrical horizon,"
J. Instn. Elect. Engra., Yol 83, Part T1la, 1948, pp. 68.78,

1# ““Abnormal ranges on airoraft in western area,” R.AAF. Report to
H--di‘r;phﬁ'n'm Laboratory, March, 1944,

1 J. H. Van Vieck, *The abeorption of misrgwaves by (a) oxygen and
(b} uncondensed water wapour™ (two papers), Phye. Rev.,, Vol. 71, 1947,
(@) p. 413, (b) p. 425
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Two atmospheric gases, oxygen and water vapour, show
absorption which may be regarded as due to extreme infra red
absorption bands associated with the magnetic dipole moment
of oxygen and the electric moment of water. Fig. 17 gives
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Figure 17.—Absorption in atmospheric gases (one way attenuation).

(a) Water vapour of partial pressure 76 millimetres of mercury.

(b) Oxygen in a normal atmosphere of total pressure 76 centimetres of
mercury.

theoretical attenuation figures for a typical atmosphere. The
attenuations are proportional to the partial pressures of the
respective gases and are not rapidly varying with temperature.

The attenuation will be highest in the tropics and may reach
about 0°1 decibels per kilometre at a wavelength of 3 centi-
metres and 0'5 decibels at 1:2 centimetres, the centre of the
water vapour absorption band.

The atmosphere may also carry solid or liquid particles in
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the form of fog, cloud, rain ete. and, as in the case of light,
these particles cause scattering and absorption. The absorp-
tion is trivial in the case of the longer radar wavelengths but is
large in the one centimetre region. Fig. 18 gives estimated
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Figure 18 —Attenuation, one way, due to rein. (o) Moderste rain
{6 millimet res por hour of known size distribution). ~ (&) Rain of cloud
bairwt proportion (43 millimstres per r of known drop size distribution).

values for moderate and extremely heavy rain. Values for
cloud are much less. A rough generalisation is that attenuation
due to rain becomes appreciable at a wavelength of about
10 centimetres, that due to cloud at 1 to 3 centimetres.

For drops which are small with respect to the wavelength
the absorption iz proportional to the total water content per
unit volume.
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7. Atmospheric Seatiering

In & manner snalogous to that in which light is scattered b
fine dust particles, radar waves are scattered by rain drops.i®
The amount of scattering from heavy rain is adequate to
produce echoes on powerful 1'5 metre sets and is very large
on microwave equipments. Excepting for very large drops
at the shortest wavelengths,.the echo power reflected from o
single drop obeys Rayleigh's law, being proportional to D%/ 24
where D is the diameter. Conseguently for uniform rain of
density N drops per unit volume, the total energy returned is
proportional to N [® which may be considered as the product
of total mass of water per unit volume and mass of a single
drop. It is therefore sensitive to drop size whereas attenuation
is not.

If on the other hand we vary wavelength the echo intensity
does not usually show a simple dependence on 1/4* because we
usually simultaneously vary a number of other controlling
factors, such as serial gain, pulse length, ete.

Because echoes are adequately intense and absorption not
excessive, microwave radar equipments can be used to observe
the structure of rain clouds in & way which is not possible by
eye owing to the heavy attenuation of light. . Plate II (a) shows
the distribution of heavy rain echoes obtained during a typhoon.
It is a photograph of the PPI display of a medium power
10 centimetre radar set on a ship located about 40 miles from
the “ eye " of the typhoon which is clearly visible.

Plate II (b} shows not a plan view but an elevation of a
less spectacular cloud formation obtained on & 3 centimetre
equipment with an RHI (range-height-indication) display.

u J. W. Ryde, ""The attenuation of centimetre radio waves and the scho

ntenaities resulting from stmospheric phenomens,” J. fnatn. Elecl. Engrs..
Vol. 83, Part IITa, 1948, pp. 101-3,



CHAPTER II1
THE MAGNETRON

1. Early Magnetrons

For many years prior to 1946 the magnetron was studied
and used as a generator of high frequency oscillations. Its
construction followed the well known lines of a cylindrical
anode surrounding a filamentary cathode, and it operated in
an axial magnetic field. In many cases the anode was split
into two or four segments, alternate segments being connected
together in the latter case.

Such devices were used to excite oscillatory circuits of
the Lecher wire type connected between filament and anode,
or between anode segments, and power was generated at
wavelengths between one metre and one centimetre approxi-
mately.

It was known that there was more than one mechanism
whereby oscillations were produced, and most interest centred
on the generation of power at the shortest wavelengths where
the principle of operation was least understood. Much in-
genuity was used and there were many variations in design ;
but it cannot be said that startling results were forthcoming
in the range of wavelengths around 10 centimetres in which
we are at present interested.!

Some typical results obtained at the shortest wavelengths
will now be noted. Rice,> using a single anode magnetron,
produced 3 watts at a wavelength of 4'8 centimetres, the
efficiency being only 1 per cent. Cleeton and Williams3
produced very low powers at wavelengths of 1-87, 1'22, and

1 A useful review of early work, with a bibliography, is given by A. F.

Harvey, High Freguency Thermionic Tubes, Chapman and Hall, London,
1943,

2. W. Rice, ‘' Transmission and reception of centimetre radio waves,”
Gen. Klec. Rev., Vol. 39, 1936, pp. 363.68,

31, E. Cleeton and N, H, Williams, ** The shortest continuous radio waves,"”
Physical Rev., Vol. 50, November, 1936, p. 1091.



§1] THE MAGNETRON 39

0-64 centimetres, Linder* with two different designs working
at about 10 centimetres, produced powers of 2:5 watte (12 per
cent efficiency), and 13 watts (20 per cent efficiency).

In view of developments to be described we shall not dwell
on pre-war work on the magnetron except to glance at the
design used by Rice, which is shown diagrammatically in
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Figare 19.—8ingls ancde magnstron—as used by Rice (1836).

Fig. 19, and the anode used by Linder, Fig. 20. The Rice
magnetron was designed so that the anode formed part of a
eoaxial transmission line resonator, while the anode of the
Linder magnetron was split so as to form part of a two-wire
transmission line resonator. These were both attempts to

Wby Fadd

Figure 20.—Magnetron anode system—as used by Linder (1038).

resolve the eonflict between high power which requires large
dimensions, and short wavelength which requires the opposite.
We will now see how this problem wasa finally solved.

fE. 4. Linder, ** Description and charsctoristics of the end.-plate magne-

trom,” Proc. I.K.E., Vol. 24, Part 1, 1036, p. 833.53 ; and * The anode-tank-
cireuit magnetron,” Proc. [LR.E., Vol. 27, 1934, pp. 732-38.
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2. The Resonator Magnetron

The modern high-power magnetron was developed in the
Physics Department of the University of Birmingham, with
the co-operation of the General Electric Company (Wembley),
as part of a nationally inspired programme of work on wireless
waves of a frequency of 3000 megacycles per second and
greater. We shall briefly describe this very remarkable
achievement, and in doing so we cannot do better than quote
from Oliphant’s foreword to the report which describes the
original work.3

“ An examination of the very recent literature and of first
principles showed that the only hope for producing efficient
generators was to combine generator and circuit in a single
unit, and that the circuit should be one of high efficiency
made from the best possible electrical conductors. Accord-
ingly, a programme was drawn up for detailed investigation
of the velocity modulation methods which bad just been
published using efficient ‘ rhumbatron’ resonators, while a
paper by Rice in the General Electric Review for 1936 which
describes a transmission line type of magnetron, encouraged
us to investigate the possibility of introducing rhumbatron
technique to improve the circuit of the magnetron. A very
superficial examination of existing magnetron devices showed
that circuits were made of highly resistant materials, and in a
form where radiative and resistive damping seriously reduced
the efficiency. Plans were drawn up of possible trial apparatus
and the work was entrusted to Dr. Randall and Mr. Boot.
They found it was not at all easy to transform the existing
types of resonator rhumbatrons for use in the magnetron,
where a cylindrical symmetry was desirable, and with con-
siderable insight decided to try the less efficient cylindrical
form of resonator, which was at once successful. -The general
ideas formed at that time with regard to mode of action and
general construction have been a little modified by subsequent
work, though what was rather a crude laboratory instrument

5J.T. Randall, H. A. H. Boot and 8. M. Duke, ** Magnetron development

in the University of Birmingham,” Co-ordination of Valve Development
Report, Department of Scientific Research and Experiment, Admiralty, 1941.
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was transformed through the experience of the Research
Laboratories of the General Electric Company into a valve
of great simplicity which was easily manufactured and was
reliable enough for service use.”

The first valve produced is shown in Plate III (a). The anode
system with its six cylindrical resonators was machined out of
a solid copper block, the block itself with metal end-plates
forming the main valve envelope. The resonator size was
determined on the basis of the Hertzian dipole ring for which
A = 7-94d, where d is the diameter of the ring. Power was
taken out through a coaxial seal terminating in a coupling loop
in one of the resonators. The cathode was a pure tungsten fila-
ment 0-75 millimetres in diameter. This arrangement provided
an immediate solution to the pressing high-power magnetron
problem. It introduced high @ resonant circuits of the right
size and permitted high anode dissipation. (Glass bombardment
by electrons escaping from the ends of the anode did not exist.

This magnetron, running on the pumps, worked for the first
time on February 21st, 1940. Approximately half a kilowatt
of power at 10 centimetres was generated, the power input
being 4 kilowatts. This was a tremendous advance over the
performance of any previous magnetron. The anode voltage
was 8,000 and the magnetic field 011 webers per square metre
(1100 gauss). The anode block dimensions were : resonator
diameter 1°2 centimetres, anode diameter 1'2 centimetres,
slot width 01 centimetres, and slot length 01 centimetres.

The next step was the construction of sealed-off tubes,
which was made possible by the use of the General Electric
Company gold-ring seal to be described later. An indirectly
heated, oxide coated cathode was also added and this made a
material improvement in efficiency. Developments were
rapid and large numbers of magnetrons of various operating
frequencies and powers were made, and used by the Armed
Services in subsequent years. Production and development
of these tubes was carried out in laboratories and factories
throughout the English-speaking world, including Australia.

Information from other countries is at present meagre, but
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there is evidence of advanced Russian work in this field.® It is
also known that much work as yet unreported in detail was
done in Japan and Germany. Magnetrons designed in those
countries used resonator systems somewhat similar to the one
deseribed above, but mounted in large glass envelopes. They
performed badly, and were difficult to construct.?

8. Theory of Magneiron Operation

Before describing further developments, let us see if we can
form some picture of how these magnetrons work. Following
& useful discussion by Slater® we shall consider electron motions
in the simple case of & plane magnetron with suitably arranged
electric and magnetic fields. Space charge effecta will be
ignored and initial electron velocity will be taken as zero.

Referring to the conditions of Fig. 21, simple analysis
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Figure 21.—Elosctron paths in stoady crossed eloctric and magnetic flelds.

shows that the electron paths are eyeloids traced out by a point
on a circle of radius B = mE /e B* rolling along with angular
velocity = Be/m and with linear speed E/B, where ¢ and m

¥ N. F. Aloksaov and . [}. Malairov, " Generation of high-power oscillation
with a magnetron in the centumetrs band,” Proc. LR.E:; Vol. 32, Muarch,
1944, pp. 136-30,

T A study of the literature, including patents, shows that some of the wleas
embodied in the Birmingham magnetron, including the asssciation of cavity
resonntors with a number of segments, had occurred to preveous workers at
one tume or another, Credit must be given to the Birmmingham group, however,
for the development and construction of the fimst practical high-power magnet-
ron from which has sprung a whole series of sturdy valves operating over
wavelengths from 1 o M centimetres, and generating peak powers up to
several megawitts,

1. . Slater, “Theory of the magnetron sscillator,” Massachosetts
Institute of Technology Hadiation Laboratory, Heport, August, 1641; J. B.
Fisk, H. D. Hagstrum, . L., Hartman, “The magnetron a8 & generator of
centimetre waves,” Dell Syet. Teeh. J., Vol 25, 148, pp. 167-34%5.
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are the charge and mass of the electron, E is the electric field
strength and B is the magnetic flux density. Three paths are
indicated for different values of E/ B2

It is noteworthy that at the cusps near the cathode plane the
kinetic energy of the electron is zero, whereas at the top of the
path the work done by the field on the electron appears as
kinetic energy. It is also useful to remember that with respect
to axes moving along at speed E/B, the coordinates of the
electron’s position at any time can be writien

X' = R ooswt, Y = R sinot,

Suppose that there is superimposed on the steady electric
field & harmonie electric field of a period equal to 2x/w the
period of rotation of the electron. The electron paths can be
computed by direct solution of the equations of motion, but
all we require here is a qualitative idea of these paths which can
be obtained by thinking of the effects of the sinusoidal field
on the simple harmonic components of the electron’s motion.
When the field is in phase with those components, the rotational
motion of the electron is built up as the field does work upon
it, while a field opposite in phase will slow down the rotational
motion. Pieturing only the first few cyeles of either case,
the paths shown in Fig. 22 are obtained. The energy exchanges

5
Fi .—Electron paths in crossed elec ic Bields, wi
o wided sinusoidal lectric B, o o R
are important : in the first case the electron absorbs energy
from the alternating field, in the second the electron gives up
energy to the alternating field. These are of course the extreme
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cases ; electrons emitted at other times either receive, or give
up energy more slowly. Thinking for 8 moment of the second
case which is the more favourable for yielding energy to the
alternating field, we see that the electron finishes up with its
drift speed E/B only, its rotational motion having been lost
by the action of the alternating field. It is moving at a distance
R from the cathode. Hence substituting from above, the
work done on it by the steady field is,

m¥ Er

et =~ ™

which equals twice the kinetic energy of drift m(E/B)®. Thus
in a favourable case, the electron is able to give up to the
alternating fiseld one half of the energy extracted from the
steady field,

There is one vital point, however, about paths of the first
type which must not be overlooked. All such paths cross the
cathode because of the increase of speed due to the gain of
energy from the field. They will therefore strike the cathode
after one period and have no further opportunity of absorbing
energy.

Frr%ym this simple case we ean now understand why a single
anode magnetron can be expected tooscillate. BRemembering
that electrons are emitted from the cathode in all phases, we
seo that there are two groups. Roughly half the electrons
absorb energy from the alternating field, but are removed
after one period and thus do not have much damping effect on
the alternating-field generator. The remainder, which can
yield up to the alternating field about half of the energy they
have received from the steady field, will clearly tend to sustain
oscillations once they eommence.

It should be noted that the direction of the superimposed
field in the plane of the orbits is not significant. It must not
be forgotten that the ** spent  electrons which have delivered
energy to the field must be removed before they can absorb
energy again by building up their rotational motion and that
enly oscillations of a frequency roughly equal to the natural
electron frequency w = Be/m have been considered.

EeR = Ee -
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A magnetron working in this way will generate power at a
wavelength 4 = 2nc/w = 2mwmec/eB. We have therefore
AB = 1006 x 10 where 1 is in metres and B in webers per
square metre ; hence if 4 is in centimetres and B in gauss,
iAB = 10,800.

This relation will be found to be approximately satisfied
in the case of the simpler single and split-anode cylindrical
magnetrons used by the workers mentioned earlier.

The Multi-segment Cylindrical Magnetron

Turning now to the electrode system used in the Birmingham
magnetron, the system becomes cylindrical instead of plane
and the electric field is complicated by the presence of the
transverse fields across the slots. Exact tracing of the electron
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Figure 23.—Electron orbits in a magnetron with 8 segments. The

wavelength is 10 centimetres, cathode radius 3 millimetres, anode radius

8 millimetres, anode potential 10 kilovolts, AC potential 5 kilovolts,

magnetic flux density 0'13 webers per square metre (1300 gauss), assuming

& linear potential. Arrows show the phase of the electric field at the
cathode at the instant of emission.

orbits is difficult even if space charge be neglected, but it can
be shown that the electrons move around the system in cyeloid-
like paths, and can both absorb energy from and deliver it

BR 4
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to the alternating fields which are produced across the slots by
the resonators. When the drift speed of the electrons has the
right relation to the period of the resonators so that electrons
pass each slot in about the same phase, we find that the energy-

Figure 24— Orbita of Fig. 23 as seon from rotating co-ordinstes.

absarbing electrons are removed, while the energy-yielding
electrons move out and strike the anode with very little residual
energy. This represents an important change from the simple
case, when the spent electrons remained in the middle of the
discharge space to absorb energy. In the multi-segment
magnetron no such problem arises, and some of its increased
efficiency may be attributed to this fact.

Efficiency is also increased by the fact that the residual
energy of some electron orbits is much below 50 per cent of the
work done on them, making the * orbit efficiency ™ high.
These are the orbita with cusps close to the anode. In the
plane case maximum orbit efficiency is 50 per cent.

As a practical example, Figs. 23 and 24 show orbits for an
eight-segment magnetron, calculated by Slater by numerical
integration of the equation of motion. There has as yet been no
mention of space charge effects, but what is believed to be a
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fair approximation to take care of this has been made in
computing the orbits shown (Slater,® p. 118).

The orbits are of familiar shape. Three of them have a
chance of giving energy to the field ; the fourth begins to
sbsorb energy, but is lost before a complete cyele ocours, The
energy calculations show that of the work done on these four
electrons, only 60 per cent appears at the ends of the orbits,
snd 40 per cent is available for maintaining oscillation.

The grouping of orbits shown in Fig. 24 gives an interesting
physical picture of the cloud of electrons rotating as a toothed
wheel with the speed of the travelling voltage wave at the
anode. This picturé turms out to be useful in the under-
standing of space charge effects.

Muoch work®* has been done on the theory of the multi-
sgment magnetron, investigation having been carried out on :

(@} The behaviour of the multi-oavity resonator system, its
modes of oscillation and the fields it produces in the working
SPRO8,

(b} Electron concentrations and paths in the working space
under the influence of fields due to the resonators and space
charge.

The problem has to be split up in this way to make headway
in the face of its complexity and numerical integration must be
resorted to at most stages,

A brief consideration of modes of oscillation is given in
the next section and we will now consider problem (b). Here
the greatest sucoess has come from a * self-consistent field ™
method of approximation. In Slater's words, the problem is :
“Given a certain boundary condition in the form of a field
at the anode surface, what must be the electric field in the
anode-cathode region, in order to produce the motion of the
electrons which will in turn set up the space charge necessary
to produce the field 1 The method is to make a reasonable
guess at a field and compute orbits and space charge. Then

¥ A serics of reports of work done by teama at Manchester and Leeds
Universitios, Jod ively by Dr. Hartree and F. . Stoner, has been issued
s Co-ordination of Valve Development Reporta by the Admiralty Department

of Bewntific Hessarch and Experiment, numbered Mag. 1, 2, 3 etc,, com-
memcing August, 1841,

41
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by deriving a field from this space charge (with perhaps some
smoothing), the orbits are re-computed and so on. Con-
vergenoe of assumed and derived fields gives the " self-con-
gistent field " solution. Examples of such a computation
with a disoussion of its problems are given by Hartree and
others.” As a starting point, use is often made of the space
charge disposition which has been employed with some sucocess
in the single-anode magnetron. It should be noted that a
complete caleulation will give figures for emission and anode
currents as well as energy exchange.

While some success attended the efforts of those working on
this difficult problem, Slater’s opinion in 1941 was that there
was at that time no completely satisfactory solution of the
space charge problem. He pointed out however that whatever
uncertainty there was in the region close to the cathode, the
electron orbits were generally little changed by wvariation in
the assumed space charge disposition. I[f we recall Fig. 24,
we may say that we do mot know all about the hub of the
rotating toothed wheel but we are fairly certain that the orbits
in the teeth approach reality, and this is where most of the
energy exchanges take place. A good investigation of magne-
tron operation may therefore be made without a serious con-
sideration of space charge at all, and this Slater has done. He
has been able to specify a number of points for practical magne-
tron design. These are briefly noted in the next sub-section.

Magnetron Design

Because of the difficulty of the theory, most magnetron design
has proceeded empirically guided only by general theoretical
conclugions. Slater deduces that for efficient operation:

(a) The drift speed of the electron must be such that the
electrons pass each slot in about the same phase,

(b) The magnetic field should be above “cut-off.” This is
of course to give the useful electrons an orbit with at least one
cusp, with a good chance of giving up their energy.

(¢} The distance between slots should be roughly the same
as the anode-cathode distance. This is to allow a reasonable
tangential AC field component all over the working space.
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None of these conditions .is at all critical and it is not
surprising to find that a magnetron will work over a large range
of voltages, fields, and currents.

Equations describing (a) and (b) above for a multi-segment
eylindrical magnetron are:

300x 0-0106
= - z __ 2 R 6 1
v naA (va ve) ‘B nA } x 10 (1)

Yo

where V is the steady anode potential, B is the magnetic flux
density, A is the magnetron wavelength, y, and vy, are the anode
and cathode radii; and n is the ‘“mode number’’ or number of
repeats of the voltage around the anode.

Hartree,'* also, produced from other considerations an
equation differing slightly from (1). The ““Hartree diagram,”
well known in the literature, shows the cut-off curve plotted
from equation (2); and a series of straight lines plotted from
his equation for various values of =.

These equations have proved very useful as guides to magne-
tron design. They only go part of the way, of course, because
questions of cathode emission, anode current, anode and
cathode heating, and resonator dimensions must also be con-
sidered if a magnetron is to be designed ab initio. They can
be used for ‘‘scaling’—the means whereby, given a successful
magnetron, designs for higher or lower frequency operation
are produced.

It is an interesting fact that most practical magnetrons
whose dimensions were chosen by considerations of resonator
size and manufacturing technique, require such high voltages
and currents that pulse operation is necessary to prevent
overheating of anode and cathode.

“ H. A. Boot and J. T. Randall, “ The cavity magnetron,” J. Instn.
Elect. Engrs., Vol. 93, Part II1a, 1946, p. 935.
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4. Modes of Osecillation

It did not take early users of multi-segment magnetrons long
to discover that even the most carefully made valves could
oscillate at more than one frequency. It is easy to see why
this can happen if we reflect that there may be 8 resonant
circuits with some degres of coupling between each, so that
a number of modes of oscillation is expected on general
grounds. A simple example will show the type of ** moding ™
which can exist. Fig. 25 gives a view of the segments of an

vorgewave/ N\ /N /N /N
J

Y \J \J::‘w -

- BOBARORE™" ?
e —

- OE0BEREE ~ »

Figurs 2§.—Moding in an #-segment magnetron. Sagmenta shown
“unwrapped,” as ssen from the cathode.

8 resonator magnetron which has been ** unwrapped ” as seen
from the cathode. Two possible modes are shown, the charges
on each segment being indicated by signs. Another way of
describing these conditions is by giving the voltage wave for
each case ; it may be considered as travelling in either direction,
or as a stationary wave.

Mode (2) is described as the &z mode "' or n = 4 mode, =
being the phase difference between adjacent segments and =
the number of repetitions of the wave pattern around the
anode. Then = 2 mode is also shown and it is clear that there
are modes of this type corresponding to n = 1, 2, 3 and 4 for
the 8 segment magnetron. No further elaboration of this
complex question will be made here. An important point,
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however, is that even with perfectly made anodes, these modes
give rise to different wavelengths which unfortunately are
closely grouped—hence the difficulty in operation.
Strapping

The above analysis indicated to early workers with the Birming-
bam magnetron that some measure of mode selection could
be attained by means of physical connection between seg-
ments.  For instance if alternate segments of Fig. 25 are
strapped electrically, the # = 4 mode would appear to be
favoured at the expense of mode n = 2. These ideas were
tested and found to be along the right lines, by * cold block "
experiments in which the resonant behaviour of the anode

Double ring shropping using nl'nr‘l:-—
i e et
for clorily oy l"ﬂ"ﬂ rope

Figure 38, —Methods of strapping. Begmenta are shown " unwrapped
snd the position of the coupling loop is indicated by a amall circle,

block was examined by injection of a steady signal. Strapped
magnetrons proved to be very free from ** moding " troubles,
ie it was difficult to produce energy st more than one fre-
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quency and the efficiency of operation was higher. A slight
drawback was that strapping increased the change of frequency
with load impedance.

Fig. 26 shows strapping methods which have been used in
practice, unwrapped magnetron segments being shown in
each case and the position of the output coupling loop indicated
by a small circle. Strapping is by wire or strip bridges mounted
on the ends of the anode segments. Magnetrons strapped
according to these methods have been shown to operate with
high efficiency in the 7 mode (or n = 4 for eight-hole blocks).

The exact effects of strapping .have been investigated
thoroughly by Slater'! and it appears that the presence of straps
produces frequency separation of modes and a distortion of the
field pattern of unwanted modes, which tends to make opera-
tion in the unwanted mode difficult. One point which has
arisen and been found useful in practice is that a break in the
strapping to give ‘‘ incomplete strapping” (of which Y-B
strapping is an example) helps in suppressing modes near the
one desired. Incomplete strapping is always arranged sym-
metrically with respect to either the output loop or the cathode
support. Such breaks exist in the strapping of magnetrons
to be described later.

An important practical point is that strapping permits some
degree of frequency adjustment during assembly. The block
with straps assembled, is fed with a signal of the desired
frequency and the whole tuned to resonance by bending the
straps. This feature is much appreciated by manufacturers
who have a rigid frequency tolerance to satisfy.

5. General Characteristics

Operating Conditions : Characteristic Diagrams

As there is no theoretical guide to the precise operating con-
ditions of a magnetron, a series of measurements is usually
made and presented in the form of a characteristic diagram.
The coordinutes are anode voltage and anode current, and

11 J. C. Slater, ** Resonant modes of the magnetron,”” Massachusetts Institute
of Technology Radiation Laboratory, Report 43-9, August, 1942,
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contours of constant power output, efficiency, frequency, and
magnetic field may be drawn. An example is shown in Fig. 27.
On this diagram peak readings of volts, amperes and kilowatts
are given, as this characteristic has been taken under the pulse
conditions which we have séen are necessary for high power
magnetrons,
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Fi 27.—Magnetron characteristics showing the rilation between peak
vm and current for various magnetic fields. Contours of
constant power output and efficiency are shown,

The characteristic diagram gives a good picture of magnetron
behaviour, and enables suitable operating conditions to be
fixed, It also shows the DC resistance offered to the source
of pulse voltage, which information is often required for pulse
network design. Discontinuities in any of the cortours are
matters of importance as they expose regions of instability
which may result in * double moding.” The example given
is free from such defects.
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Frequency Stability
Although the frequency of these magnetrons is nominally
fixed, we find that there is nearly always a smooth change of
frequency with magnetic field and peak current, as one would
expect from space charge movements and the associated
variations of effective dielectric constant in the working space.
Such changes are usually exposed by the characteristic dia-
gram, and with proper control of operating conditions need
not cause trouble except in connection with the RF spectrnm
referred to below.

Change of frequency with block temperature is almost
inevitable and in practice imposes a warm-up period during
which tuning adjustments may have to be made,

RF Spectrum

The energy emitted by s magnetron extends over a range
of frequencies, and the most desirable state of affairs exista
when it is concentrated in one narrow band. Exeitation of
more than one mode, which unfortunately is always possible
due to some peculiarity in design, manufacture, or operation,
results in a serious loss of useful RF energy in most radar
systems. With only one mode excited, RF bandwidth depends
both on the magnetron itself and on pulse shape and duration.
For further discussion of this important point see, for example,
Collins."*

Effect of Load Changes on Frequency and Power Output.

Another operating difficulty may now be referred to. Par-
ticularly with magnetrons delivering full power it is found
that the frequency of oscillation is affected to a disturbing
degree by changes in the impedance presented by the feeder.
Such behaviour is not surprising when we consider that the
internal resonators are closely coupled to the external cirouit.

" . B. Collins (Ed.), Mierowave Magmairons |Massachusatta Institute of
Technalogy, Radistion Laboratory Series, Vol. 6), McGraw-Hill, New York,
1948, pp. 54-8, 66-9, B3-0L 135.40,
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Fortunately, it is possible to minimise theso effects by a proper
choice of mean load impedance, and an excellent method of
achieving this has been put forward by Colling® who has
made a systematic experimental study of the loading of &
number of types of magnetron. The magnetron under test
was fed throngh a slotted section with & voltmeter probe as
nsed in normal impedance measuring gear, into a transformer
and load which were capable of presenting a large range of
impedance to the valve. With a fixed anode current, measure-
ments of power output, frequency and sometimes anode
voltage were made for various impedances which were noted
implicitly in terms of standing wave ratio and distance of
the voltage minimum from some reference point.

These data were plotted on a Smith chart,'* giving one form
of what is now called a Rieke diagram. An example is given
in Fig. 28, The polar coordinates (r, ¢) are given by

r=|K| = (1 -8/ +8)
and ¢ = 28
where |K| is the absolute value of reflection coeflicient, S is the
voltage standing wave ratio, and § is the distance of the voltage
minimum from the reference point expressed in electrical
degrees,

This chart then shows very clearly the effects of variation
of losd impedance on both frequency and power output. A
feature of great significance which is common to many types
of magnetrons is that the region of highest power output is
near the region of greatest frequency change. This requires
some compromise in choice of working point. The choice
may be assisted by putting on the chart other information
such as RF bandwidth, and regions of sparking, over-heating,
or frequency instability, For the diagram shown, a good
working point would lie near the centre, where powers of
) to 70 watts would be ohtained. In this region a change
of standing wave ratio from 10 to 1'5 would produce a
frequency change of + 5 megacycles per second at the most,

" 3. B Colline (Ed.), Mwrowave Mugnetrons | Massachusetts [nstitute of
Technology, Radistion Laboratory Series, Vol. 8), McGraw-Hill, New Yark,
148, pp. 40-2, 218-20.

" Bee Chapler V1, section 6.
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Rieke diagrams may of course be drawn on any suitable
impedance chart. There is no need to stress their importance
to the user who requires to minimise frequency variations.

The problem of frequency dependence on impedance is also
being attacked from the other direction. Attempts are being
made to construct magnetrons which show no such frequency

8 Electrical degrees

Figure 28.—Rieke diagram showing the effects of varying load impe-
dances, on frequency and power output of a magnetron as measured by
standing wave ratios and displacement of the voltage minimum.

criticality when delivering maximum power output, the method
of attack being to insert a highly resonant cavity between the
load and the tube.

6. General Features of the Practical Resonator Magnetron

In order to get a concrete idea of the practical fruits of develop-
ment let us examine a successful type, the British CV76,

which was made in very large numbers and saw wide service
in the war.
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The CV76 Magnetron

The operating conditions of this tube under pulse conditions
are : wavelength, 10 centimetres; magnetic flux density
0-23 webers per square metre (2300 gauss) ; peak anode current,

TES3Mm A
+ o ? +
,}' 1225mMm
20-00MM - A4-5mm
%
I 5 I2-25mm
T-28mm b

| 8 holes omm dia. equall
spaced on 3260omm PC,

Figure 29.—Anode block used in type CV76 magnetron.

40 amperes ; peak power output, 400 kilowatts ; efficiency,
50 to 60 per cent; pulse duration, 0'5 microseconds; and



(a) The Western Electric Magnetron type 725.

(b) The Raytheon Magnetron type HK7 (see p. 64).

PraTE 1V.

facing p. 58)



(a) Partial assembly of AWV Company magnetron type AV20 (see p. 66).

(b) An internal view of the 1-25-centimetre “‘rising-sun’’ magnetron
type 3J21 (see p. 66).

[From ' Radar Systems and Componenis', Members
of the Technical Staff of Rell Telephone Laboralories,
). van Nostrand Co. I'nc., 1949,

PraTE V.
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pulse repetition frequency 500 cycles per second. The life
is of the order of 1,000 hours,

“The tube with end-plates removed is shown in Plate 111 (5).
along with the anode block. This block contains the resonant
circuits and the anode cavity as in the early Birmingham
magnetrons, and forms the main valve envelope. A drawing
of the block is given in Fig. 2% and in view of the tolerances
required, it offers an interesting problem in machining. The
first blocks of this kind were turned and jig-bored, but in
quantity production the body and the centre anode hole are
turned, and the eight concentric holes for the resonant circuits
drilled with a jig. The slots are cut in'a shaping or slotting
machine with proper indexing fixtures, or are broached. The
side holes for the output and filament leads are jig drilled
and reamed or tapped.

The mode-locking straps are bridges of copper wire, peened
into holes drilled in the segments. The strapping used is
that referred to above as Y-B strapping and aims at 7 mode
excitation.

The cathode is mounted centrally on the two tungsten
filament leads which are sealed to the body by the use of

Fealher eage "-7\-"P'--'l'F coupling loos

F3 ST lkmmda f Amm dia.
Copper 0 fungaéen | Copper b Ly
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Filgmen leod Oulpl leoct

i

Figure 30.—Arrangements for filament and output leads of & type OV 76
Magnetron.

feather-edged copper thimbles, glass-copper =seals, and
glass-tungsten seals. The complete filament lead assembly
is shown in Fig. 30, along with the similarly constructed output
lead,
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The cathode is of nickel of 6 millimetres outside diameter
and 0-5 millimetres wall thickness, and is fitted with end-plates.
It i= coated with the conventional emission mixture of double
barium-strontium carbonates which on subsequent exhaust
treatment give an oxide coating similar to that widely used
on receiving-tube cathodes. This cathode is indirectly headed
by an internal spiral of tungsten wire,

In assembly, the filament and output leads are fitted into the
anode block and brazed into position. The cathode is then
welded onto the filament leads, The end-plates, which are
fiat copper dises turned to fit the ends of the anode block, are
#ither brazed on, or attached by the extremely useful General
Electric Company (Wembley) device of & ring gasket of gold
wire, In this latter method, the body with its assembled
sals, and plates, and gold rings, is clamped between plates
and transferred to the exhaust bench where the gold gasket
forms a vacunm tight seal during the baking part of the exhaust
process. The brazing processes require the use of a protective
gas and chemical washing at various stages in order to keep
the interior of the tube clean enough for the exhaust to be
effective.

The exhaust process is carried out on a pumping system of
the wsual kind employing a diffusion pump backed by a
mechanical pump. An exhaust schedule includes about an
hour's bake at 500 degrees cemtigrade, followed by cathode
activation and the passage of some space current—steady
DC or pulsed with magnetic field. A getter is not generally
used,

The external fittings are then soft soldered to the exhausted
valve. These are the cooling radiator and the output thimble
sleeve. In operation the valve is forced-air cooled, an air
flow of the order of 50 cubic fect per minute being used.  Foroed
air cooling is in universal use for high power magnetrons—
indeed this is one of the advantages of the method of con-
struction initiated at Birmingham.

Magnetron Cathodes
Magnetron cathodes raise several problems of great intereat.
High power magnetrons demand emission of the order of

b 5



80 A TEXTBOOK OF RADAR [Ch. IIT

10 peak amperes per square centimetre at a wavelength of
10 centimetres, and as much as 30 amperes per square centi-
metre at 3 centimetres, Those figures are much higher than
those normally accepted for oxide cathode design (05 to 10
ampere per square centimetre). Oxide cathodes are used
universally. Their high efficiency made them attractivein
the first place and they have subsequently given excellent
service, Two factors may contribute to such high ratings :

(a) " Back bombardment " is inseparable from magnetron
operation, and oxide cathodes at normal working temperatures
show marked secondary emission ; factors of 5 and greater
are possible.'s

(6) Pulse operation allows long recovery periods between
short active periods.

It is interesting to note that back bombardment results
in dissipation of heat at the cathode which allows most magne-
trons to run with their heaters switched off once they are
started. On the other hand it presents a problem of ade-
quately cooling the cathode in small high-power magnetrons.
In the CV76, therefore, the cathode is made of heavy gauge
nickel (0r020 inches) welded at one end to a heavy end-plate
which is itself welded to one of the filament leads so that as
much conduction of heat as possible takes place.

Experience has shown that a cathode poor in emission
can lead to frequency instability and sparking. This has been
investigated at the M.I.T. Radiation Laboratory (by Coomes,
1944),1¢* where DC pulse emission in the absence of a magnetic
field was correlated with magnetron performance. Poor
emisgion, measured in this way, was accompanied by poor
performance and provided a useful test for t.ba development
of better eathodes.

Much work!” has been done to produce long life cathodes,

¥ M. A. Pomerantz, " Magoetron esthodes,” Prec. ILR.E., Vol. 34, 1948,
pp W03-10; and Q. B, Colllnl, Microweaee Magmefrons 1 . B17-8,

E. A. Coomea, * ;mlud isa of oxide oat vJ Appl
Pﬁyl Vol 17, 1948, pp. B847-54; and G, B. Collins, Microwaie Magneirons,
pp. 378, BO5-6.’

1" G, B. Colins, Microwave Mugnefrons'* pp, 503-3%; and J. B. Fisk,

H. D. Hl,gul,rum. P. L. Hartman, " The magnetron as & generator of centi-
matre waves,” Bell Syst. Tech, J., Vol. 25, 1948, pp. 167-348.
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particularly in higher frequency magnetrons. It was realised
that perhaps the most predominant cause of short life was
destruction of small areas on the cathode surface bysparking,
which produced intense local heating. The use of nickel
mesh on the cathode surface was introduced. The mesh was
packed with carbonates which provided a reservoir of oxides,
and by improving the conduction of heat away from a hot
spot, minimised the effects of the arc. More recent develop-
ments along these lines include the use of porous metal sintered
layers instead of mesh and the use of a mixture of carbonates
and powdered metal (e.g. nickel), with porous layers and with
mesh.

The use of end-plates on cathodes is universal. Their
purpose is to confine the electrons to the active part of the
valve. They can cause trouble if they give rise to electron
emission, whether primary or secondary, and at times measures
have to be taken to deal with this.!®

The Qutput Transformer

A resonator magnetron sets a problem in microwave power
transmission, since the power generated in small cavity resona-
tors must be extracted and delivered to a feeder. Starting
from a loop on one cavity, the most practicable step is to use
& short length of evacuated coaxial line of small diameter.
That shown on the CV76 is typical. The small line is con-
nected to a large coaxial or waveguide feeder and as the proper
load impedance must be presented to the magnetron an imped-
ance-matching transformer is necessary., A transformer for
low-power magnetrons is shown diagrammatically in Fig. 31.
The slugs are adjusted to produce maximum power. Another
type of output transformer for direct connection to waveguide
is constructed so that the inner conductor of the coaxial output
protrudes into a waveguide and acts as an aerial.

* G. B. Collins (Ed.), Microwave Magnetrons (Massachusetts Institute of

Technology. Radiation l.aboratory Series, Vol. 6), McGraw-Hill, New York,
1848, pp. 379, 537-9.
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Magnetrons will be described later which typify more recent
developments in which a fixed transformer is built into the
tube itself and adjusted in the factory so that direct connection
may be made to the feeder.

Choke connection 3 sugs
Magnetron #1 )/ %_ Hi_‘_
%

Figure 31.--Coaxial output transformer, for a low-power magnetron.

Much work has been done on magnetron output transformers
(for example of this see Collins'®). Besides presenting a suit-
able load to the magnetron for which they are designed, they
must be mechanically satisfactory and adjustments, if pro-
vided, must not be critical.

7. Examples of Magnetron Design

Further information on the design of resonator magnetrons
will be found in the literature,®® together with details of other
developments such as tunable magnetrons and so-called
“packaged” versions which incorporate a built-in permanent
magnet.

In order to convey some idea of the trends in modern design,
a description follows of the salient features of a number of
magnetrons which have come into widespread use.

A 3-Centimetre Magnetron. Western Electric Type 725

The Western Electric Type 725 is a highly successful 3-centi-
metre magnetron developed by the Bell Telephone Laboratory.

1# G. B. Collins, Microwave Magnetrons,'® pp. 481-98,

B “Cavity magnetrons,” Electronics, Vol. 19, 1946, pp. 126-31; J. B. Fisk,
H. D, Hagstrum, P. L. Hartman, “The magnetron as a generator of centi-
metre waves,'” Bell Syst. Tech. J., Vol. 25, 1946, pp. 167-348; W. E. Willshaw,
L. Rushforth, A. G. Stainsby, R. Latham, A. W, Balls, A, H. King, “The
high-power pulsed magnetron. Development and design for radar applica-
tions,” J. Instn. Eleet. Engrs., Vol. 93, Part 111, 1946, pp. 985-1005.
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Its general appearance is shown in Plate IV () and its perform-
ance is as follows : wavelength, 32 centimetres ; magnetic flux
density, 0°55 webers per square metre (5500 gauss); peak
anods current, 10 amperes ; peak anode potential, 12 kilo-

2 ko3 oot Ch
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Figure 32— The internal construction of the Western Electric Magnstron
type 725,

volts ; peak power output, 40 kilowatts ; efficiency, 30 to 40
per cent ; doty cycle, 0-001.

A drawing of the anode block is shown in Fig. 32, and
attention i8 drawn to the dimensions of the resonators and
snode hole. It is ebvious that a formidable manufacturing
problem is presented by this minute block, yet this valve was
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put into mass production during the war. Double ring strap-
ping is used at cach end to ensure m-mode excitation. The
cathode, which is indirectly heated by an internal heater, is
turned from nickel rod and has a covering layer of nickel
mesh impregnated with the usual oxides.

This magnetron has'a built-in output transformer which
is adjusted and fixed at the factory so that direct coupling
can be made to rectangular waveguide with the assurance both
of good power output being passed into a reasonably terminated
guide, and good frequency stability.

The output transformer is shown dm.gramma.tma.lly in Fig. 33
from which it will be observed that the output lead, which

i

Output lead

Fla-/nc; for connecting o wove quide

Figure 33.—Output transformer of type 725 magnetron.

acts as an aerial in the waveguide, is vacuum enclosed. This
is a simple arrangement which avoids corona losses at the lead
and allows one vacuum seal to be dispensed with.

Finally it is noteworthy that very thorough mechanical
protection is afforded the fragile copper-glass seals by both
output transformer and glass housing round the filament leads.
This is a feature of great practical importance.

A High Power 10-Centimetre Magnetron : Type HK7

The HK7 is a high power magnetron which has been made
in quantity by the Raytheon Manufacturing Company, and its
construction is shown in Plate IV (b) and Fig. 34. Approximate
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performance figures are : wavelength, 10 centimetres ; mag-
netic flux density, 0-22 webers per square metre (2200 gauss) ;
peak anode current, 40 amperes ; peak anode potential,
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Figurs 34.. Construction of the Raytheon Magnetron type HKT.

30 kilovolts ; peak power output, 750 kilowstts ; efficiency,
6 to 65 per cent.

Recent work on a valve with the same basic design as this
one has produced power outputs of no less than 3-5 megawatts
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Points of interest in the design are: The ecazial oufpuf
which is built to carry high power and incorporates a trans-
former section which gives a proper match to a 50-ohm line.
Mechanically, this output connection is excellent and the
glass work is well protected. The resonalors whose peculiar
shape is associated with the interesting method of constructing
the anode block from stamped-out sheets approximately
0060 inches thick, a number of which is piled together and
brazed to form a solid whole. This method avoids fine machin-
ing of each block and is therefore well suited to mass production.
The filament leads which are very long to prevent flash-over.
They are also provided with corona rings and are well pro-
tected by a robust insulator housing.

A 25-Centimetre Magnetron: Type AV20

FPlate V4{a)shows a partial assembly of an Australian magnetron
which was designed in the Physics Department, University
of Melbourne, and produced by the Amalgamated Wireless
Valve Company. It is of the vane type, the resonator assembly
being made up of copper vanes brazed to a copper shell.
Daouhle ring strapping is used, the strapping rings being formed
by copper wire bridges. The design as a whole is orthodox
and permits the valve to be made entirely from local materials,
In its final form it is fitted with cooling fins and a filament
lead housing.

A 1-25-Centimetre ‘‘Rising-Sun’’ Magnetron: Type 3J21

Plate V (b) shows some details of the 3J21 magnetron which
uses the “rising-sun” anode block. This system of anode
cavities gives good maode separation without straps, and pro-
vides a practical construction for the minute blocks necessary
for magnetrons operating at very short wavelengths. The
cavities are made out of a solid block of ecopper by a single
hobbing operation. The waveguide output coupled to the
resonators by a “window ™ transformer should also be noted.
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TRIODE POWER OSCILLATORS

ALtHOUGH easily the most outstanding valve developed for
radar purposes has been the resonant magnetron, triodes have
nevertheless played an important part as oscillators in pulse
transmitters. Their contribution has been on the longer
wavelengths associated with radar and in this role they are
unlikely to be replaced. Since the development of triodes
for very high frequency operation was not a radar development
and since they are already described fully in the literature,
this chapter concerns itself only with those aspects of valve
design which are peculiar to pulsed operation. These are
discussed first in relation to the electrical design of the valve
itself and then from the point of view of the reaction of this
design on the geometry of the valve and its associated circuits.

1. Electrical Design

It is fortunate that pulsed operation not only requires but
permits high peak powers to be obtained from the triode
valves, often at frequencies higher than is possible in continuous
wave operation. -

Three interrelated factors enter into, production of high
powers ; the cooling of the valve, the applied DC voltages and
the emission of the cathode. A direct result of operating the
valve over only a short portion of the total time is that the
mean power to be dissipated is reduced much below the peak
value, the factor being generally of the order of 1,000. Hence
a given valve can handle peak powers many times greater than .
its normal rating, provided always that it can be made to
generate these higher peaks of power. In order to increase
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the power output, the anode voltage and/or current must be
increased. Even with conventional designs, it is possible
to increase the voltage as much as 4 times and the current by
a factor of perhaps 2, giving a power increase of 5 or 6 times.

This factor can be increased even more by modification of
the valve design. A good vacuum and the elimination of all
unnecessary insulating material within the valve ensure that
high voltages will cause little internal trouble. High voltages
can be tolerated external to the valve because the ions associ-
ated with incipient corona have time to disperse or can be
forcibly dispersed by air blast during the relatively long rest
periods between pulses. Full use can be made of this by
pulsing the power supply to the valve anode—by so-called
anode modulation.

It was originally thought that tungsten filaments were
necessary for operation at high anode voltages, and attempts
to increase the emission current were then limited by grid
heating. Fortunately it was found that oxide coated cathodes
could withstand quite high anode voltages under pulsed con-
ditions and a tremendous gain in emissiop followed immedi-
ately. An additional advantage was the reduction in filament
power which decreased the total power loss to be dissipated ;
because it is continuous, the filament load always represents
a considerable portion of the total. .

Even with the great increase in peak power output, no
very special demands are made by the cooling requirements
which can always be met by the provision of radiator fins
and an air blast, The overall result is that in spite of the
high peak power available the valve is quite small in size, a
further advantage for very high frequency operation.

2. Physical Design

The main effort put into the design of valves for radar purposes
has been in the direction of increasing the upper limit of
frequency and of increasing their efficiency near this limit.
The main factor limiting the high frequency operation of
triodes is electron transit time which in turn is related to the
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size of the valve and the applied potentials. It has been
shown above that pulsed operation permits a decrease in size
and an increase in applied voltage both of which raise the
frequency limit.

The need for improved efficiency has resulted in designs
which bave developed along the following lines. At the
desired frequencies, the interelectrode capacities within the
valve represent impedances which are very much smaller than
those considered optimum in low frequency practice. In the
first place they can give rise to high currents and therefore
high losses, and then they require small tuning inductances
which are not easily realised. The capacities should therefore
bo kept small and of such a construction that they can be
connected to the remainder of the cireuit by leads of low
inductance. For the same reasons no more circuit elements
than are absolutely necessary for proper operation as an
oscillator should be added.

A design procedure! is available for determining the eircuit
elements which should be added to give the desired frequency,
output and control conditions. It remains to find a suitable
physical form for these elements. The principal element 18
alwaye inductive and the inductor which has the greatest
physical size for a given walue of inductance is of the trans-
mission line type, which may take the form of a twin or coaxial
line or at the highest frequencies may be a radial line or cavity.
The wvalve structure must permit a simple connection to such
slements and it has therefore taken the concentrie form which
is well illustrated by the NT99 valve (Plate VI (a)). This valve
is capable of & peak power output of 40 kilowatts at frequencies
in the vicinity of 600 megacycles per second ; the anode
voltage is 8,000 and the filament heating power is 40 watts.
It is typical of many produced by the Research Laboratory
of the General Electric Company, Wembley, which played an
outstanding part in the development of such valves for radar
purposes,

0. O, Pulley, " Ultra high frequency oscillators,” C.81.R. Radiophysica
Laboratory, Report RFP 92, 1041,
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An alternative construction popular at lower power levels
is the plane-element type with disc seals of low inductance. It
is exemplified by the CV90 and the GL446 described in
Chapter XI.

In both these types the inductance of the lead from the
electrode to a point external to the valve where the circuit
can be connected is kept as low as possible. This allows a high
proportion of the inductive tuning element to be external to
the valve and hence under control. Known artifices for
increasing the size of the external circuit such as the use of a
line length greater than half a wavelength are permissible
but seldom satisfactory.

The relatively simple method of increasing power output by
the use of several valves in parallel or push-pull is much used
and has a bearing on valve design because of the length and
hence impedance involved in the inter-connections. The
design procedure quoted above shows that in push-pull opera-

Eorthed shield
_ /Anode cooling fins
/ /-Ccm;:entric heater leads

Grid cooling air /'

o<

[Cathcde tuning line \
Anode supply Shorting bar

Figure 35.—Typical schematic arrangement of a push-pull oscillator for
500 megacycles per second.
tion the impedance between one pair of corresponding elec-
trodes should preferably be zero or very small, and this can be
achieved in a valve such as the NT99 by strapping the two
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anodes directly together. The grid and cathode circuits
then become part of a twin transmission line system. To
prevent radiation they should be shielded by an extension of
the anode system.

Fig. 35 shows schematically the arrangement of a push-pull
oscillator suitable for operation at about 500 megacycles per
second while Plate VI () illustrates the construction of a trans-
mitter for a somewhat lower frequency. In the latter the
grid and cathode tuning lines run backwards from the valve
assembly while the valves themselves are mounted on a closed
box of insulating material through which the cooling air is
blown. '

Coupling to the load can be effected by tapping off either
the grid or cathode lines, the latter usually being more con-
venient. Loop coupling can also be used and in some cases is
necessary in order to isolate the oscillator from its load.

Many variations in arrangement, construction, ete. have been
described in published literature or can readily be devised to
suit particular conditions.



CHAPTER V

MODULATORS

RADAR transmitters are required to radiate pulses of radio
frequency for periods from 0-1 to 20 microseconds repeated at
rates up to 2,000 pulses per second. Triode oscillators are
used for transmitter frequencies up to about 1,000 megacycles
per second, while for higher frequencies magnetrons are gener-
ally employed. The usual method of modulation is to apply
a high voltage of rectangular waveform to the anode of the
oscillator if it is a triode, or to the cathode if a magnetron.
Provided the build-up and decay times are short compared
with the duration of the pulse, the resultant current waveform
and radio frequency envelope are similar to the applied pulse.
This method of modulation corresponds to anode modulation
of radio telephone practice and, as explained in Chapter IV,
it allows tubes to be run at higher anode voltages and conse-
quently with greater power output than is normal. Grid
modulation of triode oscillators is seldom used because in this
method the anode potential has to be applied continuously
and full advantage cannot be taken of the virtues of pulse
operation.

Because power is transmitted only during a small fraction of
the total operating time, peak powers which are extraordinarily
high compared with those of radio communication practice
are achieved with moderately sized radar equipment. That
fraction of the total time during which the transmitter actually
operates is called the “* duty cycle,” and is equal to the product
of pulse duration and repetition frequency. Peak values of
quantities such as power can then be converted to average
values by multiplying by the duty cycle. For example, a
high power air warning set employing a 4 microsecond pulse
at a repetition frequency of 250 pulses per second may use a
magnetron accepting a peak input power of one megawatt.
The duty cycle is 1/1000, so that the mean power input to the
magnetron is only one kilowatt.

In practice, the output waveform of a modulator may not
have the ideal rectangular shape and the permissible departure
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depends on the characteristics of the oscillator. A wvariable
anode voltage will cause both magnetron and triode oscillators
to change frequency, so that the receiver will not be in tune
during some portion of the pulse. In addition magnetrons
driven by a varying voltage may jump discontinuously to a
different frequency, a phenomenon known as *‘ double moding.”
This may also be caused by a rapid rise of the leading edge
of the pulse and, to prevent it, modulators delivering flat-
topped trapezoidal pulses have been proposed.

In the oscillating region, magnetrons have approximately
constant voltage characteristics so that any modulator will
produce a more rectangular voltage pulse with a magnetron
than with a resistive load. The reverse is true for the current
pulse.

The techniques described in this chapter have application
in fields other than radar, consequently the needs of those who
have not previously had access to this information have been
kept in mind.

1. Basic Modulator Types

Radar modulators may be divided into two main types. The
first applies a high tension supply to the oscillator anode for
the duration of the pulse and then disconnects it, as illustrated
in Fig. 36. The “ on-off "’ switch is a high vacuum triode or

On-Off  switch (ngh vacuurr
tube))

oo

D¢ Oscillator

Figure 36.—Basic high vacuum tube modulator circuit.

tetrode which operates under particularly arduous conditions.
Alternatively thé modulator may be thought of as a power
amplifier developing the high voltage pulse across a load,

BR 6
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which is the oscillator in Fig. 37. Because of the difficulty
of manufacturing suitable switch tubes, and because they
operate at high voltage and low current, this type of modulator
has been largely superseded. It is referred to as a “ high
vacuum tube >’ or “ hard tube "’ modulator.

The second type of modulator uses a pulse forming network
containing capacitors, the total energy of which is discharged
into the oscillator by a switch which remains closed until after
the discharge is complete. The switch must pass from the
non-conducting to the fully conducting state in a time which
is short compared with the pulse duration, but the only re-
quirement as to its rate of opening is that it should become
non-conducting in a time short compared with the interval
between pulses. The ability of an open spark in air to perform
this operation has led to the adoption of this type of modulator
for many applications.

The basic pulse forming network is the loss-free open cir-
cuited transmission line, which is charged and connected at
one end to a resistance equal to its characteristic impedance.
It produces across the resistance a rectangular voltage pulse of
magnitude equal to half the voltage to which the line was
initially charged. The pulse terminates when the disturbance
caused by the closing of the switch arrives back at the load
after reflection at the open end. The waveform is determined
by the network and not by the switch. The interval between
pulses is available for recharging the network so the
demand on the power supply is not severe. This type of
modulator is referred to as a ‘“‘line type modulator.”

The successful development of voltage step-up transformers
capable of handling high power pulses constituted a notable
advance in modulator technique. Magnetrons usually operate
at inconveniently high voltages of 15 to 40 kilovolts, and the
provision of insulation to withstand this or a greater voltage
in the power supplies and elsewhere adds considerably to the
size of the equipment. With the introduction of * pulse
transformers,”’ as they are called, it became practicable to
operate the main part of the modulator at the most convenient
voltage and restrict the high voltage to the output terminal
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A further feature of the use of pulse transformers is that
they permit the separation of the modulator! from the trans-
mitter, pulses being transferred by means of relatively low
voltage coaxial cable. The insertion of a cable does not cause
distortion of the pulse if the terminating impedances are equal
to the characteristic impedance of the cable. Magnetron
input impedances are about 500 to 1,000 chms while the char-
scteristic impedance of convenient coaxial cable is about
50 ochms so that by connecting the magnetron through a
transformer of about 10/1 impedance ratio it is possible to
mateh it to the cable. In the case of a line type modulator
the pulse forming network is made equal in impedance to the
coaxial cable and only one transformer is employed. A high
vacuum tube modulator requires a transformer at each end
of the cable since the modulator is itself a high impedance
device.

In comparing the two basic modulator types the line type
modulator has two salient advantages. It has a simpler
switch and when used with a pulse transformer a much lower
supply voltage. The high vacuum tube modulator requires
a supply voltage some 15 per cent greater than the output
pulse voltage, while a typical line type modulator employing
DC resonant charging and a 4:1 step-up pulse transformer
requires a supply voltage only one quarter of the output.
The line type modulator can also be made simpler, smaller
and more efficient. On the other hand the hard tube modulator?
is more flexible and is therefore often used for laboratory

purposes.

2. High Vacuum Tube Modulators

The basic high vacuum tube modulator circuit shown in
Fig. 36 cannot be used in practice because the cathode of the
switching tube is at high DC potential. Two practical modi-
fications are shown in Fig. 37 (a) and (b), the first being trans-
former coupled and the second capacitor coupled. The grid

! R. H. Johnson, *Hard-valve pulse modulators for el:{)urirmntal use in
the laboratory,” J. Instn. Elect. Engrs., Vol. 93, Part ITIa, 1948, pp. 1043-57.

6-2
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of the switch tube is biased beyond cut-off during the quiescent
period and driven positive rendering the tube highly conducting
during the pulse.

If the pulse applied to the grid is exactly rectangular,
distortion still occurs in the output in the manner illustrated

Transformer
N‘Iﬂgmtmn
b
Pulse generalor -:- igh tension supply
fhcl.ldlng utonuqo
capacitor)
(a)

Maqrralron

C = Storage capacitor

R, = lsolating resisior
L.Ry=Pulse shaping compohents

Cg= Stray capacitances

()

Figure 37.—High vacuum tube modulator circuits., (a) Transformer
coupled. (b) Capacitor coupled.

in Fig. 38. The initial rise of the pulse is delayed while the
stray capacitances C, in Fig. 37 (b) are charged through the
switching tube. The voltage falls during the pulse because the
coupling capacitor C is being discharged by the current through
the magnetron and the components L and R,. At the end of
the pulse the switching valve becomes non-conducting and after
the voltage has fallen about 10 per cent the magnetron also be-
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comes non-conducting. The stray capacitances then have to
discharge through L and R,. If the values of these components
are properly chosen the discharge can be critically damped. If
L is replaced by a high resistance a slow decay results. If
L only is used an oscillation with C, as capacitance is set up.
Rapid damping of the oscillation may be obtained by con-
necting a low impedance diode in parallel with the magnetron
with such a polarity that it conducts when the magnetron
anode is negative with respect to its cathode. This produces
beavy damping while the diode is conducting but wastes
no power when the pulse is of opposite polarity. The arrange-
ment suffers from the disadvantage that it adds another major
component to the system. Fig. 38 shows the after pulse
effects of the various components mentioned.

-
;’ N,

Series Rond L-no diode \ Inductance with diode
f: \
*
| ) ;
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Figure 38.—Magnetron voltage pulse with various damping methods.

The positive pulse required to drive the grid of the switch
tube is large and difficulty is experienced in obtaining it from
& driving tube of reasonable dimensions. The difficulty arises
because, in order to economise in size and power consumption,
high power tubes are arranged to conduct only during the pulse.
Such tubes give negative pulses to a load in the anode, and to
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obtain positive pulses it is necessary to couple to the cathode.
With cathode coupling a large grid driving voltage, greater than
the output voltage, is required. In the widely used “ boot-
strap "’ modulator circuit (Fig. 39) this difficulty is overcome by

HT+
Oriver tube Switch lube
Pulee
|- A
O
Generator 3

Figure 39.—Bootstrap driver circuit.

connecting a pulse generator between cathode and grid of the
driver tube and arranging for the whole of the pulse generator
circuits to fluctuate in potential with the driver cathode.

High Vacuum Modulator Tubes

Since the pulse required to drive a typical magnetron is of
the order of 30 amperes at 20 kilovolts the switch is required
to withstand a similar voltage when non-conducting and to pass
a similar current when conducting. The current must be
attained with a low voltage drop across the switch tube and it
is desirable that the requisite grid swing between the con-
ducting and non-conducting states should be low.

These characteristics are difficult to attain simultaneously
in a tube of small size and heater power, and the successful
development of such tubes has demanded extremely good high
vacuum technique. Table 3 lists the characteristics of some
of the tubes used for this purpose.
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TABLE 3—CHARACTERISTICS OF SOME TYPICAL HIGH VACUUM
MODULATOR TUBES

Cathode Mazimum | Peak anode
Tube Type Cathode power anode current
walls voltage ampercs
NT100 tetrode oxide 48 12,000 10
§204 tetrode oxide 14 5,000 10
715B tetrode oxide 58 15,000 15
IMTH triode thoriated 130 18,000 7.5
6C21 triode thoriated 150 33,000 15

3. Line Type Modulators®

The essentials of the line type modulator are the pulse forming
network, the circuit for charging it, and the switch which
discharges the network into the load. Rotary spark gaps,
fixed triggered gaps both open and closed, and thyratrons
have found application as switches, and the comparative ease
with which satisfactory switches can be obtained has, among
other reasons, resulted in the line type modulator almost
completely superseding the high vacuum tube modulator.

Theory of Discharge of a Transmission Line

The development of the pulse forming network followed on
the realisation that a uniform, low-loss, open-circuited trans-
mission line gives a rectangular pulse when discharged into
a resistance equal to its characteristic impedance.

Consider the case of Fig. 40 in which a line of characteristic
impedance Z, is charged to a voltage ¥, and connected to a
resistor R of magnitude Z, at time { = 0. For a short interval
the line behaves as a generator of electromotive force V, and
internal impedance Z, applying a voltage V,/2 to the load.
The initial voltage drop from ¥V, to V,/2 gives rise to a rect-
angular wave of voltage V,/2 travelling away from the load.
This travelling wave is completely reflected without change of
sign at the open end and travels back to the load, where it

t K. J. R. Wilkinson, '“Some developments in high-power modulators
for radar,” J. Instn. Elect. Engrs., Vol. 83, Part II1a, 1946, pp. 1090-112,
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reduces the voltage to zero. The system is then completely
discharged, the duration of a pulse being equal to twice the

time of travel of a wave along the line.
If R is not equal to Z,, the discharge will reach completion
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Figure 40.—Discharge of s matched transmission line showing travelling
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asymptotically. To find the conditions at any given time the
steady voltage originally present and all travelling waves
must be superposed.

Let V be the voltage across K. Immediately after closing
the switch only one travelling wave of magnitude V,—V is
present. The line current (V,—V)/Z, equals the load current
V/R so that

R
R 4+ Z,

This state persists until time ¢ = § when the wave reflected

from the open end reaches the load. This wave of magnitude

Vo=V or 2. V, is partially reflected at the load, the

R +2Z,
reflection coefficient being R — z", so that in the interval
R+ 2Z,

V = V,

d<t < 26

v =( - _Z Z, )V
R+Z, R+Z, R+2Z, R + Z
. ‘R(R - zl‘l) 'Fr .
R+ 2Z)p °
Continuing the calculation, a series of decreasing steps is

R=2Z4 R> Zg ) R< Zo

NS .
O 6 t= O & 28 35 '+ 0 a_F"—;_r

Figure 41.—Discharge of transmission line into resistance loads of
different magnitudes,

found, which if R > Z, are of one sign, or if R < Z, are of
a!ternate signs as in Fig. 41.

If the load is not a fixed resistance, but has a non-linear
voltage-current characteristic independent of the rate at which
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it is traced out, a stepped waveform will still result. This
case, which may be treated graphically, is important in view of
the marked non-linearity of magnetron characteristics.

Alternatively, the closing of the switch may be regarded
as the application of a step-shaped voltage between its contacts.
The alternating current impedance of the network which gives
a current response of rectangular waveform when such a
voltage is applied may be calculated by a well-known theorem ?
It transpires that a uniform open circuited transmission line
in series with a load resistance equal to the characteristic
impedance is required.

Networks Equivalent to the Uniform Line*

An actual transmission line to produce pulses of the length
commonly used in radar (1 microsecond or more) would be
of inconvenient dimensions. Hence networks consisting of
lumped elements are used to approximate the performance
of the open circuited line.

'° Tc Tc Tc ‘ Tc

Figure 42.—Low pass filter pulse forming network.

Low Pass Filter Pulse Forming Network. The simplest and
most commenly used equivalent network is the low pass filter
shown in Fig. 42. Constructional advantages of this network

8 The current response A(t) of a network to a unit step.shaped applied
voltage is related to the corresponding alternating current impedance
Z(jw) by the equation

r
1 —ad
Ze = J e A(NdA
o
in which a is real and positive. Assuming a unit current pulse of duration
8 for A(t), we have Z(jw) = § + # coth ywd/2.

¢ E. L. C. White, “The use of delay networks in pulse formation,” /.
Insin. Elect. Engrs., Vol. 93, Part TI1a, 1946, pp. 312-4.
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are that all capacitors have the same value and the inductors
can be wound as a continuous coil on a single former and
tapped where required. Two or more of these networks may
be connected in tandem to give a choice of pulse duration.

The following relations are satisfactory for design purposes

L
Z, =JE
8 = 2nyLC

where Z, = characteristic impedance of network at zero
frequency (ohms), 4 = pulse duration (seconds), L = induc-
tance per section (henries), L., = end inductance (henries),
C = capacity per section (farads), » = number of sections.
Empirically it is found that good pulse shapes can be obtained
with 3 or 4 sections when L,/L = 1'1 to 12,

For high voltage networks the capacitor and coil assembly
is usually placed in a sealed tank with terminals brought out
asrequired. Oil impregnated paper dieletric is most common,
although for some low voltage networks special organic-
inorganic dielectric capacitors moulded into a solid block

have been developed. Plate VII (@) shows some typical low
pass filter networks.

Bartlett Pulse Forming Network. Bartlett of the General
Electric Company obtained several possible pulse forming
networks by expanding the expression for the input impedance
and admittance of a uniform open circuited transmission line
n various ways. Only the circuit which has found most
application will be described here.

_The input impedance of the open circuited transmission
line of characteristic impedance Z, in series with its characteris-
tic impedance is

ZIH = z, + Z, cot'h J—gfé

where w is the angular frequency and & is the time taken for a
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wave to travel to the far end and back. In terms of the
partial-fractions expansion of the hyperbolic cotangent, viz.

1 pud 2x
——r E B — e —
coth x + — nin? 4 x*
we have
2Z x jwdZ ,
Zn-,r == Zo + = 2 +‘ 2 j

Jwd niat — w/4

n=1
The first term is the series resistance Z, the second is the
reactance of a capacitance equal to §/2Z,, and the nth term
of the series represents the reactance of a parallel combination
of a capacitance 8/4Z, with an inductance Z,d/n%x%. Fig. 43
illustrates the equivalent circuit.

| L
L 27 ne
—~ W T
ﬂ——‘llz|c—‘l p =
S
o
L= % & = Pulse length (uc.ondb}
C= éo Zy= Desired load impedance

Figure 43.—Bartlett pulse forming network,

The large storage capacitor 2C must withstand twice, and
the others 2/nx times the pulse voltage under normal con-
ditions. If for any reason the transmitter becomes short
circuited, however, the voltage across the small capacitors
will reach twice the quoted values and spark gaps may be
needed for protection. In practice four or five parallel circuits
are used and a series inductance added, its value being de-
termined experimentally. This network has the merits that
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only one capacitor has to withstand the full voltage and the
pulse forming capacitors are all equal in value. It is therefore
suitable for construction from standard components and is
convenient for experimental purposes. However, these fea-
tures are not important in a design intended for production,
and the disadvantage that the pulse forming capacitors con-
tribute nothing to the stored energy.renders the Bartlett line
inferior to the low-pass filter network.

Special Arrangements for Saving Insulation

The arrangements described above result in a pulse voltage
equal to half the voltage to which the network is charged,
=0 that the network must be insulated to withstand twice the
voltage of the output pulse. The Blumlein circuit shown in

Fig. 44 gives a pulse voltage equal to the voltage to which

= { ITIII.ITIT Fr

Zy = Chorocleriatic impedonce of networks N, ond Nj.
The eectricol Iem]lm of Nyond Ny ore egqual.

Figure 44.—Blumlein Cireuit,

the lines are charged. The load impedance should equal twice
the characteristic impedance of each of the pulse forming
networks.

Another useful method of economising insulation is to charge
two pulse forming networks in parallel and switch them to
series connection for discharge through the load after the
fashion of the Marx high voltage impulse circuit, as indicated
in Fig. 45. Switch No. 1 operates first and the sudden rise
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in voltage fires switch No. 2. The “ hold-off ’ chokes must
have sufficient inductance to prevent appreciable current
building up in them during the pulse. Arrangements such
as these have been superseded by the use of pulse transformers
but they may still be found useful for experimental purposes
when a transformer is not available.

Puise forning networks of
charocteristic ‘ln'pqdmc.a Zy

Switch N° 2

- >
 Load 22

— Hold - off I:Mu—/

Figure 45.—Parallel charge, series discharge, circuit.

Switches Used in Line Type Modulators®

As mentioned earlier the requirements for the switch in a line
type modulator are that it should close quickly and remain
closed for the duration of the pulse. It should then open
in time to permit the charging of the network for the next pulse.

Rotary Spark Gap. The rotary spark gap consists of a set
of rotating electrodes which pass close by one or more fixed
electrodes. Near the point of closest approach a spark passes
which closes the switch. Current ceases on the discharge of the
network and the electrodes separate, opening the switch before
the voltage again builds up in preparation for the next spark.
The repetition frequency is determined by the speed of rotation
and the number of electrodes ; for example, a speed of rotation
of 3,000 revolutions per minute or 50 per second and ten
moving electrodes passing one fixed electrode gives a repetition

¥ F. B. Goucher, J. R. Haynea, W. A. Depp, E. J. Ryder, “&gcu-k gap
switches for radar,” Bell Syst. Tech. J., Vol. 25, 1946, pp. 563-602,



§] MODULATORS 87

frequency of 500 cycles per second. Rotary gaps are not
siitable for frequencies greater than about 1,000 cycles per
swcond owing to the difficulty of separating the electrodes
aifficiently rapidly to eliminate premature sparking while the
network is being charged. Two types of construction are used.
The first employs short rods mounted on an insulated disc
which carries them between two fixed electrodes. The spark
then jumps two short gaps in series. The second uses a
metal dise to carry the moving electrodes, the dise being earthed
by means of a carbon brush or collector ring. These are
illustrated in Fig. 46.

Fixed electrodes Fixed electrode

Melal collector
rinq

Figure 46.—Two types of rotary spark gap.

The operation of rotary gaps is satisfactory in the range
from about 8 to 25 kilovolts. Large currents can flow, the
oly ill effects being wear of the electrodes. With tungsten
tlctrodes and currents of a few hundred amperes the electrodes
mquire adjustment every thousand hours. Breakdown of a
p is complete in a time of the order of 10~® seconds after
its initiation. The residual voltage across the gap is so small
st it is difficult to measure and is probably less than
100 volts. Rotary gaps operate effectively in the open air but,
nless of low power, are very noisy. It is therefore necessary
“enclose them, provision being made for removing the pro-

tucts of the spark (ozone and oxides of nitrogen) from parts
%hich may corrode.

by
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The instant of sparking is irregular, a variation of the
interval between pulses of 4+ 30 microseconds being usual.
This makes it necessary to trigger the time base of a radar
equipment from the modulator and precludes the use of simple
rotary gaps in certain applications which require precise
timing.

The ease of .construction, simplicity of adjustment, and
reliability of the rotary spark gap have contributed largely to
the success of line type modulators.

Open Fixed Triggered Gaps. Triggered gaps were developed at
the same time as rotary gaps with the object of eliminating
moving parts and irregularity in firing. A common type
illustrated in Fig. 47 consists of two spherical molybdenum
electrodes with a tungsten electrode protruding through a hole

Mdjbdemm insert

ingulator
'l'riqgaf elecirode
Cathode (!unqalm- rod)
Molw"bdenulrl
face

Figure 47.—Open fixed triggered gap,

in the anode. The spacing between the spheres is normally
sufficient to prevent a spark occurring. At the desired moment
a low power discharge is passed between the trigger electrode
and the sphere through which it projects. The resulting ions
and ultra violet light cause breakdown of the main gap. After
discharge is complete the ionisation decays and the gap is
again able to withstand the applied voltage. The switch
illustrated is intended for a high power modulator and can
handle frequencies from 100 to 2,000 cycles per second. Ad-
justments are required every 100 hours or so and the life is
much less than for a rotary spark gap. The range of voltage
for satisfactory operation is restricted but can be extended
by blowing or pressurising the gap. A spark gap of this
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type developed by Metropolitan Vickers Limited could switch
2 megawatts at 18 kilovolts at repetition frequencies up
to 2,000 cycles per second. The switch fired within 0-1 micro-
seconds of the application of the trigger pulse.

A typical trigger circuit is shown in Fig. 48. A pulse is
applied to the grid of the tube, driving it positive so that
a current builds up in the inductance L. The grid is then

Figure 48.—Trigger circuit.

driven suddenly negative, cutting off the plate current and
producing across the inductance a high voltage pulse which is
applied to the trigger electrode.

Open gaps, both fixed and rotary, if used for airborne
applications, must be housed in an air-tight enclosure to over-
come the variations in atmospheric pressure encountered.
This difficulty may be avoided by the use of an enclosed gap.®

Enclosed Fixed Triggered Gaps. There are two main types of
enclosed fixed triggered gaps in general use. One type, (i) In
Plate VII (b) of which the CV85 is typical, is a modification
of the open triggered gap and has the electrodes enclosed in
a mixture of argon and oxygen. Time jitter of the discharge is
of the order of 0-1 microseconds. The other type consists of
two aluminium electrodes enclosed in a mixture of hydrogen and
argon at a little less than atmospheric pressure. Because no

* J. D. Craggs, M. E. Haine, J. M. Meek, ‘*Development of triggered spark
gaps for high-power modulators,” J. Instn. Elect. Engrs., Vol. 93, Part 1114,
1946, pp. 963.76.
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trigger electrode is provided, the tubes must be used two or
more in series with the trigger voltage applied at the common
point of the tubes. Like the CV85, this tube, the 1B22
(i) in Plate VII (b) handles powers of about 100 kilowatts.

Thyratrons. The characteristics of a thyratron appear to
make it ideally suited for application as a line type modulator
switch. However, the high values and rapid rates of rise of
currents proved beyond the capabilities of the types previously
available. More recent work has led to the development
of new forms which have satisfactory characteristics but which
are difficult to manufacture. Of these, hydrogen thyratrons’
appear the best and as low power tubes are used extensively.
Hydrogen thyratrons have also been designed for power levels
up to 15 megawatts. One tube, the 4C35, has a life of 900 hours
at 8,500 peak volts and 90 amperes peak current with a 0-5
microsecond pulse recurring 2,000 times per second. The
trigger voltage required is 150 volts rising at a minimum rate
of 150 volts per microsecond. The time jitter is less than 0-04
microseconds using an AC heater supply and can be made
undetectable by the provision of a DC heater supply.

4. Line Type Modulator Charging Circuits

At the cessation of a pulse, a pulse forming network is com-
pletely discharged and must be recharged before the commence-
ment of the next pulse. Since the charging period is long
compared with the pulse duration, the pulse forming network
behaves like a simple capacitor as far as the charging circuit
is concerned. Since this capacitor stores the energy for the
pulse, its capacitance is given by
ov?
o = 2
where C = line capacitance (farads), V' = pulse voltage,
" R. H. Wittenberg, "Thyratrons in radar modulator service,” R.C.A.
Rev., Vol. 10, 1949, pp. 116-33; and H. de B. Knight, L. Herbert, * Develop-

ment of mercury-vapour thyratrons for radar modulstor service," J. Instn.
Eleet. Engrs., Vol. 93, Part I1Ia, 1046, pp. 049.62,
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» = voltage to which network is charged, R = load resistance
(ohms), 4 = pulse duration (seconds).

The usual network is equivalent to a simple transmission
line so that V/V, =} and C = 8/2R. The average power
which must be supplied to the pulse forming network is } f,C'V2
where f, is the repetition frequency.

If the pulse repetition frequency is different from the AC
mains frequency, the pulse forming network can be charged
from a conventional rectifier circuit with filter capacitors.
Such a method is referred to as DC charging. If the repetition
and mains frequencies are the same or simply related (e.g.
half or twice) the filter circuiés and often the rectifier may be
dispensed with. This is called AC charging. In all cases
the components connecting the power supply and the network
must be capable of isolating the one from the other during
and immediately after the pulse.

DC Charging Circults

Resistance Charging. The simplest method of charging a
pulse forming network is through a resistance connected in
place of the inductance in Fig. 49. The efficiency of the system

Figure 49.—DC inductance charging—basic circuit.

cannot exceed 50 per cent so it is seldom used except for low
power modulators or for experimental purposes.

Inductanece Charging. Fig. 49 shows the basic circuit for
DC inductance charging, an arrangement which does not suffer
from the intrinsic inefficiency of resistance charging. There
are three main cases to consider : resonant charging, linear
charging and diode charging. In all cases the network is
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charged to a voltage equal to twice the DC supply voltage
if losses are neglected. In practice the voltage step-up is
about 1-9 times.

Resonant charging refers to the case in which the resonant
frequency of L and C' in the circuit is equal to half the repetition
frequency f, so that the charging current I, and network
voltage V. pass through one half cycle between pulses. Fig. 50
shows the current and voltage waveforms of the charging cycle.

— time

L L

Figure 50.—Voltage and current waveforms in DC ** resonant charging.”

Since the network voltage remains almost constant for an
appreciable period about the time the switch operates, this type
of charging wave is suitable for use in modulators where the
switch has a time jitter, such as a rotary spark gap. Noever-
voltage occurs if the switch fails to operate.

If the resonant frequency f is low compared with half the
repetition frequency f,, so called * linear charging ™ results.
The large inductance used tends to make the charging current
constant which in turn charges the network approximately
linearly. Fig. 51 shows typical waveforms obtained with
linear charging. This method allows the pulse repetition rate
to be varied over a wide range without changing the value
of the inductance. Satisfactory results are obtained if the
inductance is made about four times that required for resonant
charging at the lowest repetition frequency. If the switch
should fail to operate, the voltage rises in the manner indicated
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by the dotted line in Fig. 51. If this is excessive the network
can be protected with a spark gap. A thyratron or fixed
gap should be used for the switch as irregular firing results
in fluctuations of the .output pulse voltage.
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Figure 51.—Voltage and current waveforms in DC “ linear charging.”
So called ** diode charging ** results from the use of a diode
m series with an inductance less than that required for reson-

ant charging. The network charges in half the resonant
period of L and C, which is less than the interval between pulses,
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Figure 52.—Circuitand current voltage waveformsin DC “diode charging.”

and the diode then prevents the discharge of the network till
the switch operates. The voltage and current waveform are
shown in Fig. 52. This circuit has the advantage that it can
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handle a wide range of repetition frequencies and, as the voltage
is steady prior to discharge, the irregular firing of a rotary spark
gap does not produce pulses of irregular amplitude. It suffers
from the disadvantage of introducing another high voltage
component,

The inductances used in DC charging can be quite readily
designed from a knowledge of the incremental permeability of
the core material for the currents flowing. The iron core is
best utilised without an air gap and at a value of magnetising
force of about 4,000 amperes per metre (50 oersteds) at the
current peak. The inductance values range from one to
several hundred henries depending on the requirements.

DC Power Supplies for Line Type Modulators

Modulators use conventional rectifier circuits to convert AC
to DC power, but the problem of the exact calculation of
“ripple voltage,” or the variation in the voltage to which the
pulse forming network is charged, is often difficult. Design
information obtained experimentally is given in Fig. 53 for
a simple condenser input filter with inductance charging of
the network. As given it applies to a half wave rectifier;
for a full wave rectifier the supply frequency must be
doubled.

If the supply frequency is much less than the repetition
frequency, the filter capacitor must be sufficiently large to
charge the network several times without its voltage falling
unduly. If the supply frequency is higher than the repetition
frequency a great reduction in the size of the filter capacitor
is possible, since it will receive one or more current impulses
from the rectifier during each charging interval of the network.
For example, if a 50 cycle full wave rectifier charges a network
500 times per second, a simple calculation shows that the
capacitance must be 1,000 times that of the network if the
ripple voltage is to be 1 per cent. However, if the supply
frequency is about 500 cycles per second, it need only equal
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that of the network. The economy resulting from the use of
a high supply frequency applies also to the rectifier transformer
and other parts of the radar equipment.
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Figure 53.—Ratio of filter capacitance to network capacitance for 19 ripple.
K =: filter capacitance
C, = network capacitance
J = supply frequency
fs = repetition frequency.
{a) Experimental relation between C and K. (b) Basic circuit.

(b)

Charging from Low Voltage DC Source

If low voltage DC only is available, say from a generator or
battery, the circuit in Fig. 54 enables a pulse forming network
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to be charged to any required voltage. The arrangement is
essentially the same as for DC inductance charging, except
that the inductance used is the transformer leakage
inductance. In addition the voltage step-up at the pulse

Trana{or-rm'r
Ratioc 1:n

Figure 54.—Basic circuit for DC charging from low voltage source.

forming network is increased by the transformer turns
ratio. The switch 8, is closed during the charging period
and opens just before switch S, closes to discharge the net-
work into the load. S, closes again after the pulse and the
cycle is repeated. Switch 8, is a low voltage and switch S, is
a high voltage switch. As they must be accurately triggered,
thyratrons are the most satisfactory switches for this

purpose.
AC Charging Circuits®

In the circuits described as AC charging circuits the filter
capacitors are omitted, the pulse network being charged
by a transformer through a suitable isolating device. The
power supply frequency must then be equal to, or simply
related to, the pulse repetition frequency. If a repetition
frequency of some hundreds of cycles per second is required,
it is usual to include a high frequency alternator in the modu-
lator. This alternator may supply power to the whole radar
set thus economising in the size of other components. If a
rotary spark gap is used, it can be mounted on the alternator

® K. J. R. Wilkinson, “Some Developments in high-power modulators
for radar,” J. Instn. Elect. Engrs., Vol. 93, Part IIla, 1946, pp. 1090-112.
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shaft with provision for correctly phasing the instant of dis-
charge of the network with respect to the output voltage of the
sternator,

Fig. 55 shows a practical arrangement in which a diode is
wed to isolate the pulse forming network at the time of dis-
charge. The figure gives waveforms and indicates the switch

Diode

PFN 2 Load

Tranaformer
secondary voles.

Figurse 556.—{a) AC diode charging circuit. (b) Waveforms.

phasing which keeps the diode inverse voltage as low as possible.
This circuit is simple to adjust but since power is supplied to
the network during a quarter of a cycle only the root-mean-
square current is unduly great and the transformer is not used
to the best advantage.

The diode and its filament transformer are high voltage
tcomponents which can be dispensed with, as in the more
efficient arrangement of Fig. 56 (a) which uses an inductance-
to isolate the network from the transformer. An equivalent
cirenit is shown in Fig. 56 (b) in which all quantities are referred
to the transformer secondary terminals. The inductance L
is the equivalent inductance including contributions from leak-
age in the transformer and the generator. The resistance is
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usually neglected. The performance may be described in

terms of the ratio, k, of the resonant frequency of L and C
to the supply frequency. :

Wlﬁi? i

Step-up traneformer

L

e 1
E sin (WI+¢) T
' ®

Figure 58.—AC inductance charging circuits, (a) Actual eireuit.
{t) Equivalent circuit.

If these frequencies are equal the condition is known as “AC
resonant charging.”” In this case the pulse forming network
is charged to a voltage m times the equivalent electromotive
force. The switch operates as the electromotive force passes
through zero, and the network is completely recharged in one
cycle, the process being repeated every cycle. The pulse

Pulse forming
‘,s"l network voltage r'—l /"I
'! : i —“-T—H 1
P 1 : :‘ .uJ-‘!'FH-'
," I {0 ne g \F = supphy
' : [ llfmqumc}
E : volloge , i Il
* .l l* )

I * !
[ ~ -
\/ ' “—2E \/ l'.' k=10
/
*
--..-L.. 4 I\"‘---'f"
Figure 57.—AC resonant charging voltage waveforms.

network polarity depends on the zero of the applied electro-
motive force chosen. The transformer secondary carries a
direct component of current equal to approximately one third
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of the root-mean-square ocurrent. Voltage waveforms are
shown in Fig. 57. It is obvious that if the switch fails to
operate large voltages will tend to build up but this may be
mevented by fitting protective spark gaps.

In general the voltage to which the pulse network is charged
vill depend on k in the manner shown in Fig. 58 provided the
switch fires at the optimum phase. When k = 1-4 the greatest

¢ o2 04 06 08 o -2 14 15-1 18 290
Figure 58.—AC charging. Voltage step-up as a function of k.

siep-up occurs, being 3-7 as against z for the resonant case.
To obtain this step-up ratio the network should be discharged
114 electrical degrees past the zero of the applied electro-
motive force. Waveforms for this case are shown in Fig. 59.
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Figure 50.—AC charging waveforma for ¥ = 1'4.

A feature of AC charging is the remarkable economy of
“mponents it permits. The accompanying disadvantage is
ek of flexibility in pulse length and repetition frequency,
vhich is serious in the case of laboratory equipment, but is
dfien of no importance for service use. Fig. 60 gives a
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summary of the main characteristics of the modulato
charging circuits discussed above.
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Figure 60.—Summary of characteristics of modulator charging circuits
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5. Pulse Transformers

As noted earlier, the introduction of pulse transformers in
conjunction with line type modulators permitted a great saving
in bulk and weight and also made it possible to separate the
modulator from the transmitter.

Pulse transformers may be required to transmit rectangular
pulses of the order of 1 microsecond duration and 1 megawatt
peak power without significant distortion. A standard input
impedance is 50 ohms while the output impedance when feeding
& magnotron is about 800 ohms. For a power output of
1 megawatt the input voltage is therefore 7000 and the output
28000 volts. These requirements introduce serious design
difficulties both in the reproduction of such short pulses and
in the maintenance of adequate insulation.

The problem can be more clearly formulated if we ¢onsider
the approximate equivalent circuit of a transformer given in
Fig. 61. In this circuit all quantities are referred to the
primary in the conventional way. The leakage inductance is
represented by L, the primary inductance by L, and C
represents the equivalent capacitance across the secondary
due to winding capacitances and strays in both the transformer
and load. The losses and the more complex stray capacitance
distribution which exist in practice are neglected.

If the distortion is not great, the effects due to leakage
inductance and stray capacitance may be separated from those
due to the primary inductance. The former distort the rise
and fall of the pulse causing them to take the form of damped
oscillations associated with the circuit R,, R,, L, and C, which
is obtained by omitting L, from Fig. 61.

The primary inductance draws an increasing current through
R, during the pulse and this causes a fall in the top of the
pulse and an overshoot at the end as indicated in Fig. 61.
Both types of distortion may be determined quantitatively
if the circuit elements are known. To reduce distortion it is
necessary to achieve a combination of high primary inductance,
low leakage inductance and low winding capacitance. These
conflicting requirements have been met by paying close
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attention to the quality of the magnetic circuit so that physical
gize can be reduced to a minimum while maintaining the
necessary primary inductance. This leads to a reduction

of capacitance and leakage inductance but increases the
insulation problem.

\ | | Equwalent corcal

R, Chaoracterislic impedonce of
pulse forming nelwork

Le Magnelising induclonce

L, Leokoge inductonce

c Effectve shunt copocilonce

Rz Lood mpedonce
{All quonlities referred ko ore primary o secondary}

(a})

{b)

(k)

Figure 61.—(a) Equivalent circuit of pulse transformer. (b) Input and
output waveforms.

If a core of normal construction were used in a pulse trans-
former, skin effect would severely reduce its effective per-
meability. This difficulty is overcome by forming the core
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from exceptionally thin laminations and by using a core
material having a high resistivity wnich tends to increase
the depth of penetration at high frequencies.

In designing a pulse transformer® the primary, secondary
and leakage inductances are estimated in the manner used for
normal transformers. The effective winding capacitance is
determined by assuming a voltage distribution on the windings,
estimating the capacitative energy associated with- significant
sections of them, and equating the sum of these energies to
3CV? in the equivalent circuit.

Design Procedure

Data required when designing a pulse transformer include
pulse duration, primary and secondary pulse voltages and
currents, and the admissible peak value of magnetising current
(of the order of 10 per cent of the desired pulse current). The
design steps follow broadly the sequence set out below :

(a) The best available core material is selected, and suitable
peak values of magnetic induction B and magnetic intensity H
are chosen using curves obtained under actual pulse conditions.

(6) The core shape is chosen empirically after the core
volume is calculated from equation (1) which is obtained by
equating the magnetic energy of the core to the energy de-
livered to it.

AlxBH =V, (1)

where A = cross sectional area of core (square metres)
= core length (metres)
B = peak magnetic induction (webers per square
metre)
H = peak magnetic field intensity (amperes per metre)

¥ W. B. Melville, *Theory and design of high-power pulse transformers,”
J. Instn. Elect. Engrs., Vol. 93, Part I1La, 1948, ﬂ: 1063-80; N. F. Moody,
" Low-power pulss transformers,” J. Instn. Elect. Engrs., Vol. 93, Part I1La,
1948, pp. 311-4; R. Lee, Electric Transformers and Circuits, John Wiley and
8ons, New York, 1047, pp. 219-57.

BER 8
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- V, = primary pulse voltage
d = pulse duration (seconds)
I,, = peak magnetising current (amperes).

(¢) The number of turns raquifad on the primary and
secondary windings is determined from equation (2) and wire
sizes are allotted to give suitable current densities.

V,d =N,AB (2)

where N is the number of primary turns.

(d) An arrangement of the windings is chosen to fit the core
window and to give adequate insulation. The different
portions of the windings are interleaved so as to keep leakage
inductances and winding capacitances low.

(¢) If considered necessary, leakage inductance and winding
capacitances can be estimated by methods outlined above
and their effect on the output waveform investigated.

Construetion

The Core. Core materials combine high resistivity with high
permeability at high values of magnetic induction. They are
made in laminations about 0-002 inches thick. Typical B-H
curves for complete cores when 1 microsecond pulses are used
are given in Fig. 62,

In order to obtain a magnetic circuit of the lowest reluctance
.special precautions must be taken to minimise the effect of
joints in the core. Some designs use continuous cores, but
special coil winding methods must then be adopted. This
difficulty is overcome in one interesting construction in which
a continuous core is first wound from strip around a rect-
angular mandrel and then cut to permit the insertion of coils
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wound in the normal way. The core is rejoined after the
faces of the joints have been ground flat and etched to remove
inter-laminar short circuits.

12¢ Core*a* 004" "Trancor 5°

‘b" 0-003' ‘Staloy” - unannealed

c* 0 004' *‘Radiometal”

q* 5Tdb‘j anneéaled
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Figure 62.—B-H curves for pulse transformer core materiuls,

Windings. The winding contiguration is determined by the
conflicting requirements of low leakage inductance which
requires windings in close proximity, and low capacity and
high insulation which require the separation of points differing
appreciably in potential. Separated single layer windings
are used. As most of the heat dissipated in pulse transformers
is due to core losses, very high current densities are used in the
windings viz. 5000 amperes per square inch for continuous
loads and 3000 amperes per square inch for pulse currents.

A special feature of pulse transformers designed for driving
magnetrons is the use of a bifilar secondary winding which
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Prate VIII.—Output pulse transformers.

facing p. 106)



(a) Voltage waveform—modulator discharging into a non-inductive resistor.

(h) Voltage waveforrn—magnetron load.

(¢) Current waveform—magnetron load.

Prate IX.—Waveforms for line type modulator (see p. 109).
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supplies the magnetron heater current, thus eliminating a
separate heater transformer of high insulation.

Insulation problems encountered in pulse transformers are
extraordinary and they have been overcome only by close
attention to refinements of impregnating techniques. The
best transformer oil is used and exceptionally thorough vacuum
impregnation and hermetic sealing are essential. Kraft
paper is used almost universally for insulation between wind-
ing layers and when oil immersed may be stressed up to
300 kilovolts per inch. The oil itself may be stressed up to
500 kilovolts per inch while over the surface of the paper the
stress should not exceed 30 kilovolts per inch. Very high
voltage stresses between turns are encountered, values of up
to 500 volts per turn being quite common. Plate VIII shows
photographs of three typical pulse transformers. Plate VIII (i)
shows an uncased transformer with a ““hipersil” core wound
on a mandrel and cut as described on p. 104. Plate VIII (ii)
shows a 125 kilowatt 1 microsecond pulse transformer designed
for airborne use. The larger transformer shown in Plate VIII (iii)
is a laboratory model for 6 microsecond pulses with an output
of 2 megawatts 40 kilovolts.

6. Typical Modulator Circuits
High Vacuum Tube Modulator

The circuit of a typical high vacuum tube modulator designed
for airborne microwave equipment is shown in Fig. 63. It
generates negative pulses of 11 kilovolts and 10 to 15 amperes
and of 1 microsecond duration at a repetition frequency which
may be varied between 400 and 2000 cycles per second. The
pulses are formed at a low power level by discharging a pulse
forming network through a small thyratron V, which is
triggered from an external source. The positive pulse so
obtained is amplified by the twin tetrode V, which is cathode
coupled to the high power switching tubes ¥V, and V;. The
whole pulse forming circuit follows the potential of the cathode
of V,, so that this is an example of the so-called * boot-strap
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ciccuit. The system operates on 115 volts 400-800 cycles
per second, requires an input of 1 kilowatt, and has an overall
efficiency of from 10 to 30 per cent. The weight is about
60 pounds.

Line Type Modulator with Rotary Spark Gap

Fig. 64 shows the circuit of a line type modulator designed
for laboratory test purposes. The unit is mounted on a
400 cycles per second alternator set. It uses DC resonanoce
charging, a rotary spark gap and a pulse transformer. It de-
livers & pulse of 40,000 volts at 50 amperes or a peak power out-
put of 2 megawatts. Two combinations of pulse length and
repetition frequency are available, 1 microsecond at 500 cycles
per second, and 5 microseconds at 250 cycles per second.
The output waveforms obtained from this modulator are
typicalof radar practice and are shown in Plate IX. Plate IX (a)
shows the voltage waveform when power is delivered to an
800 ohm non-inductive resistor. The oscillations on top of the
pulse are characteristic. The second oscillogram, Plate IX (b),
shows the voltage pulse with & magnetron as load. The flat
top of this pulse illustrates the effect of the constant voltage
characteristic of the magnetron. The third oscillogram,
Plate IX (c), that of magnetron current, shows oscillations
which are a little greater than those with a resistive load.



CHAPTER VI

MICROWAVE TRANSMISSION AND CAVITY RESONATOR
THEORY

1. Microwave Transmission Lines

THE function of a transmission line is to transfer electro-
magnetic energy from one point to another with the least loss.
The conventional transmission line of two conductors is well
known as a means of doing this. Either the conductors are
external to each other as in the case of the twin wire line or one
completely surrounds the other as for the coaxial transmission
line. In the former case the fields spread out into space and
loss of energy results at short wavelengths. A coaxial trans-
mission line however confines the field within the outer cylinder
and therefore is not subject to attenuation by radiation.
In the region of decimetre wavelengths twin wire lines become
unusable. The transmission lines used at these and shorter
wavelengths are the object of our attention here.

Well into the microwave region the coaxial line continues to
be used until accumulating disadvantages limit its further
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Figure 65.—Field of use of various transmission systems.

application. In addition to the two conventional types of
transmission line there is the hollow pipe or waveguide. Un.-
like the former which find use from the longest wavelengths
down, the waveguide does not become practical until short
wavelengths are reached. Fig. 65 illustrates the relation
between the regions in which the various lines are used. It
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will be seen that the twin line is of no importance in microwave
transmission but that coaxial and waveguide transmission
are both met over nearly the whole region. '

The word microwave is roughly synonymous with centimetre-
and-decimetre waves but its real use is to designate certain
techniques—consequently definite wavelength limits cannot
be set to the microwave region. The techniques symptomatic
of microwaves involve the use of completely enclosed apparatus
such as waveguides and electromagnetic cavities.

2. Waveguides

A waveguide is simply a hollow conducting pipe through which
electromagnetic waves will travel. It differs from the con-
ventional transmission line in having no return conductor and
therefore its operation cannot be visualised in terms of current
and voltage waves—though the idea of impedance can be
retained. To deal with waveguides it is necessary to move
the emphasis from voltages and currents to the electric and
magnetic fields confined within the guide. Virtually all the
field is restricted to the dielectric medium filling the guide ;
for alternating fields cannot exist within a perfect conductor
and penetrate only slightly into practical conductors at radio
frequencies.

Many different field patterns can be propagated along a
waveguide or transmission line but with a two-conductor line
emphasis falls on one only of these modes, the conventional
mode for which the electric and magnetic fields are purely
transverse. The existence of possible higher modes of pro-
pagation on a twin wire or coaxial line may usually be safely
forgotten for a reason which appears below. However in a
hollow pipe the conventional or Transverse Electro-Magnetic
(TEM) mode cannot exist and attention must be focused on
the higher modes of ‘propagation. They are conveniently
classed as transverse electric and transverse magnetic aceord-
ing to whether the electric or magnetic field remains purely
transverse. Hence their distinguishing feature is the presence
of a component of field in the direction of propagation. If
longitudinal components of both field types are present the
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pattern is regarded as a linear combination of transverse
electric and transverse magnetic modes and each is treated
separately. In general the phase velocities of the components
will not be equal and the pattern will change as it travels.

Figs. 66 and 67 illustrate fields in coaxial line and circular
waveguide. In the former the field components are completely
transverse while in' the waveguide, although the magnetic
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Figure 66.—Conventional mode in coaxial transmission line.
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Figure 67.—TM,, mode in circular waveguide.

field is similar, the electric lines turn out of the transverse
plane and make their way back to the outer wall, having no
central conductor on which to terminate.

The property of higher modes which distinguishes them from
the conventional mode, is the possession of critical wavelengths.
Thus although waves of any frequency can negotiate a two-
conductor transmission line, the absence of the conventional
mode from a waveguide divides the spectrum into transmitted
and non-transmitted frequencies. For example, electro-
magnetic waves at optical frequencies will pass down a hollow
pipe of moderate size whereas waves at power frequencies will
not. These extreme cases are well away from the critical
wavelength. Microwave transmission through a waveguide
is carried on at a wavelength just shorter than the critical



§2] MICROWAVE TRANSMISSION THEORY 113

wavelength. Another way of stating this is to say that the
waveguide is made just large enough to transmit the wave-
length in question.

Each possible field pattern in the waveguide has its own
critical wavelength which must not be exceeded if there is to
be propagation. A waveguide is usually designed so that it is
large enough to transmit in the mode with the longest critical
wavelength (the dominant mode) but not large enough to
transmit in the next higher mode. If in a particular trans-
verse section of a guide a field pattern is applied which cannot
propagate, then the pattern is attenuated exponentially along
the guide at a rate depending on how close it is to its critical
wavelength. In general the higher the order of a mode the
more rapidly it is damped out. Fig. 68 shows how the field

Figure 68.-—TM,; mode in pipe too small to allow propagation.

in a circular waveguide falls off when a ciroular magnetic
field is applied at the mouth. The mode is the same as that
which in Fig. 67 is shown travelling down a pipe of larger size.

It can now be seen why the existence of higher modes is not
of importance in conventional transmission lines—for at
wavelengths longer than the critical wavelength no energy
can be transferred save by the conventional mode. As the
longest critical wavelength in a coaxial line cannot exceed the
circumference of the outer conductor only at the shortest
wavelengths do new considerations arise. The part played
by attenuated modes in coaxial lines is one of adjusting bound-
ary conditions. For example the field impressed on the mouth
of a coaxial line may be neither circularly symmetrical nor
inversely proportional to the radius, yet a short distance along
the line the field will be quite pure. This is accounted for by
analysing the applied field into an infinite series of orthogonal
patterns all of which save one are attenuated to negligible
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proportions in a distance of the order of a diameter. That
pattern which alone can propagate therefore exists in complete
purity save in the immediate neighbourhood of discontinuities.

In a waveguide whose surface is perfectly conducting a pro-
pagated wave suffers no attenuation, but in a waveguide of
finite conductivity the current flow in the walls results in the
development of heat which appears at the expense of the
‘energy of the field. As the amount of heat liberated per unit
distance at any section is proportional to the power crossing
the section, the wave is attenuated exponentially with distance
just as waves on conventional transmission lines. This sort
of attenuation, which is due to conductor losses, represents
a real loss of energy whereas the attenuation in a pipe too
small to allow propagation is reactive.

In choosing between the waveguide and coaxial line for a
particular application four factors are considered. These are
dielectric loss, conductor loss, power handling capacity and
mechanical convenience. Without considering details a ten-
dency may be observed for waveguide to replace coaxial line
as the wavelength shortens, first for the transmission of high
powers and later for local oscillator and signal powers. Thus
a decimetre-wave radar may have large air-filled and small
polythene-filled coaxial lines for transmitter and receiver
respectively, a set operating on short centimetre waves may
have waveguide in each case, whereas at frequencies between
the extremes it is common to find the transmitter power
carried by waveguide and the low powers by flexible polythene
cable.

We have seen that there are numerous modes of transmission
through waveguides each with its own critical wavelength
and phase velocity and that at frequencies higher than the
critical frequency there is a damped travelling wave, whilst
at lower frequencies there is an attenuated standing wave.
To illustrate the derivation of these and other results we con-
sider in detail the rectangular waveguide.
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3. 'thangular Waveguide
Solution of Maxwell’s Equations

The following theory applies to transverse electric modes in
rectangular waveguides. In a passive medium characterised
by permeability u, permittivity e and conductivity g, Maxwell’s
equations for harmonic electric and magnetic fields are
curl E = — jouH (1)
curl H = (g + jwe)E (2)
in rationalised m.k.s. units.! A factor exp (jwt) is omitted
from all field expressions. To specify a medium we may take
instead of u, € and g the derived constants n and ¢ such that

[ Gon .
"=Ng tjwe R HIX @

¢ = Vjoug + joe), (4)
where # is the intrinsic impedance of the medium, ¢ is the
intrinsic propagation constant and R and X are the intrinsic
resistance and reactance. The propagation constant of a
plane wave in the medium is the same as ¢ whilst 7 is the
ratio of the electric to the magnetic field of a plane wave in the
medium. The same advantages are gained by using these
derived constants as are gained in transmission line theory
by working with characteristic impedance and propagation
constant instead of the distributed parameters L, C, R, G.

We desire to find solutions of equations (1) and (2) inside
a rectangular pipe extending in the z-direction and bounded by
the perfectly conducting planes z = 0, a and y = 0, b. On
these planes there must be no tangential component of electric

and

! The rationalised metre-kilogram-second system of units is used through-
out this book. For information on this system of units see J. A. Stratton,
ale s¢ Theory, McGraw-Hill, New York, 1941. The quan-
lities ap; ing in Maxwell's equations are measured in the following
units :—E (electric field strength), volts per metre ; H (magnetic field strength)
&mperes per metre; g (conductivity), mhos per metre; u (permeability),

per metre ; ¢ (permittivity), farads per metre. The permeability
of free space ( p,) is 47 X 10-7 henries per metre ; the permittivity of free
fpace (¢,) is 8-85 x 10-'* farads per metre and the intrinsic impedance of
free space (n,) is given by (u,/¢,)! = 120x = 377 ohms.
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field and no normal component of magnetic field.
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coordinates the equations become
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gg—' = —jouH,
;—E' = —jouH,
:—;,“E’ = —jouH,
if' = (g +jwe) E,
3z = (g +jwe) E,
'if‘ =(g +jwe) E,.

[Ch. VI

In Cartesian

(5)

- We shall now assume that a solution exists such that the
electric vector is everywhere parallel to the y-direction i.e.
that ¥, = E, = 0. By assuming E, = 0 we are restricting
the solutions to the transverse electric class. By the turther
assumption that £, = 0 we shall be left with a special set of
transverse electric waves. The equations now become,

gz

1 0E,

= (g +jwe) E,.

(6)
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Eliminating H,
0K, i)
ox? + 0z? - =o', ' ()
where
o*=jou (g + jwe). (8)

From this partial differential equation for the single field
component £, we obtain the solution by separation of variables
by substituting £, = X(x)Z(z). The resulting total differential
equations for the sought functions X and Z give

X(x) = A sin hx -+ B cos hx (9)
Z(z) = Cexp (Iz) + Dexp(—1I%2) (10)

where
Bt = I — ot (11)

To determine the integration constants we note that as £, must
vanish for x = 0, a |
X(x)=Am'n“;—w,n=1,2,.. (12)

and as the terms of Z evidently represent waves travelling in
opposite directions we may take C = 0 and consider only waves
travelling in the positive z-direction. Then if F is the maxi-
mum value of the electric field,

E, mEuinn?axp(— Iz) (13)

I = J(?)' + ol (14)

The propagation constant [ is equal to « + jf where « is the
attenuation constant and § the phase constant.

where

For the remaining field components we have from (6)

nnk nax

H, = ﬂm o8 -.— exp (— I'z) (15)
I'E | nnx

H, = _—jwﬂ sin —— exp (— l_"z). (16)

BR 9
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Since E, is the only component of electric field, the lines
of force are normal to the guide faces at y = 0, b, and since
E, has been made to vanish when * = 0, a, there is no com-
ponent tangential to the faces x = 0, . It can be seen from
the expressions for the field components that H, is identically
zero and that H, vanishes on the walls z = 0,a. The boundary
conditions are therefore satisfied.

Propagation Constant and Critical Wavelength
If the medium is loss-free, i.e. g = 0, equations (8) and (11)
give for the propagation constant

O
w(ep)t = 2n/A, (18)

where 4 is the wavelength of a plane wave of angular frequency
w in the medium filling the waveguide.

Bimnce

If A is small enough to make I imaginary then the field
equations represent a pattern propagated in the z-direction
but if I" becomes real we have a stationary pattern which
attenuates exponentially with distance. The critical wave-
length which 4 must not exceed if propagation is to take place
is given by I' = 0. Hence

ﬂ.n = 2{1/7.!-. (19)

In the case of propagation we have zero attenuation constant
and I' = jf where

2 A.\2 .
- T'\/(Iﬁ) — 1 radians per metre. (20)

In the case of attenuation the phase constant is zeroand I" = «

where
27 A.\?
o« = T 1 — (T) nepers per metre. (21)
c
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The longest critical wavelength corresponds to n = 1 and
is twice the length of the side perpendicular to the electric
field. Fig. 69 shows the pattern which is obtained when the
wavelength is shorter than critical and Fig. 70 shows the

Figure 60.—Field pattern and ccordinates for rectangular waveguide.

attenuated field for the same mode. The pattern of Fig. 69
is to be regarded as moving down the waveguide with a velocity
fi, which is somewhat above that of light. At fixed points
in the median plane of the guide the electric and magnetic
fields will be in phase, reaching their maxima together. At
other points there is a phase difference which approaches
90 degrees at the walls + = 0, a. The patterns of Fig. 70
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Figure 70.—Attenuated field of the usual mode in & waveguide too small
to allow propagation.

are stationary in space but collapse and re-establish themselves
harmonically with time. There is a 90-degree difference
between the phases of the electric and magnetic fields so that
when the electric field is as shown there is no magnetic field
and vice versa. This field simply represents a periodic inter-

9-2
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change of electric and magnetic energy without any net
transfer. To amplify these remarks we note from (13) and
(16) that H, = (— I'/jou) E,. Thus when I is imaginary
the transverse field components are in phase and there is a
net flow of energy but when I"is real the fields are in quadrature
and there is oscillation of stored energy only.

>
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Figure 71.—Attenuated field of the TE,, mode in rectangular waveguide.

Fig. 71 indicates the meaning of the integer n which may be
described as the number of half-period variations along the
z-direction of any field component. The figure shows a field
corresponding to n=2.

Phase Velocity
The propagation constant determines the wavelength in the

guide, 2, = 2nj/T
L A
B [1 - (A(/j'a)']i

(22)

or in simpler form,
1

1

FER Y

The phase velocity is given by
v, = fi,

v

T = (A

L
At

P2av  jo
T TT (23)
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where v = (€u) ™t is the velocity of a plane wave in the medium
fling the guide.

It will be noticed that the wavelength in the guide exceeds
the wavelength of a plane wave in the medium and that the
phase velocity is greater than that of light.

Group Veloeity
Propagation in a waveguide is dispersive, i.e. different fre-
quencies travel at different wvelocities. The dispersion is

wrmal since the velocity decreases with frequency. A group
welocity may be calculated from the usual formula

U =v, — i f;;’ (24)
giving '
« = (25)
v’

Smce v, > v it follows that ¥ < v i.e. the group velocity is
sways less than the velocity of a plane wave in the medium.

From the field equations we can find the density of energy
and flow of power and thus make a direct calculation of the
velocity with which energy is transferred through the wave-
guide. The mean flow of power P down the guide is given
by the real part of the flux of the complex Poynting vector []
through a transverse section.

P=Re-”.ll'¢£ (26)
where d X is an element of area in a transverse section and
Il = 4E x H*. (27)
fow nl = - *‘Erﬂ;
I'E*  _.naz
= }jw‘u sin? -;-;— . (28)
Hence o b
P = J‘ f I1, dzdy
oo
(Eb)? (29)

" Youb/aT
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At a point where the electric field strength is E the density
of electric energy is eE?/2. As the electric field in the guide
is distributed sinusoidally in two dimensions (the z- and 2-
directions) with a maximum strength &, the mean electric
energy density taken over a section of guide 1,/2 long is one
quarter this value. Taking account of the equal quantity of
magnetic energy we have for the total average energy density,

2
U =i‘§-- (30)

The energy transport velocity u can be found from
P .

-, 31

Y (31

whence
r 27

=jw,ae - wA pe

u

=— (32)

The velocity of energy flow is therefore less than the velocity
of the wave and is equal to the group velocity.

Attenuation

To find the attenuation due to the finite conductivity of the
walls we calculate the power flow into the walls. The attenua-
tion in nepers per unit length is then one half the fraction
of the transmitted power which is lost in unit length since
dP/dz = — 2«P. From equation (18) which introduces the
definition of attenuation constant we see that the neper, unlike
the decibel, measures the attenuation of field or voltage but
not power. When the two units are mutually convertible,
one neper equals 8-686 decibels.

Assuming that the loss of energy does not appreciably
modify the field distribution, the complex power flow into unit
length of the walls is

} f J' EH: dS (33)
where E, and H, are the tangential components of the field
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and dS is an element.of area of the walls. The small tangential
electric field E, is given by
E, = nH, (34)
where 7 is the intrinsic impedance of the conductor. Since
= [joulg + jwe)]! and therefore in a conductor
n = (jou/g)t we have

E, = R(1 + j)H, (35)
where R the intrinsic resistance of the conductor is given by
ap

R = 3 ohms. (36)

The intrinsic resistance of a conductor is equal to the resistance
to direct current of a square piece whose thickness is equal to
the skin depth. Intrinsic resistance increases as the square
root of the frequency and is least for good conductors.

We may obtain the skin depth é from the relation
R =— (37)

é = f—g——— (38)
w pg
Skin depth is defined so that the total current in the surface
of a conductor, uniformly distributed to a depth &, would
dissipate the same power as the actual exponentially distributed
current. Curves showing the skin depth for various conductor
materials and frequencies are given in Fig. 106, Chapter VII.
The skin depth in a conductor increases as the square root of
the -wavelength and is least for good conductors.
TABLE 4—CONDUCTIVITIES RELATIVE TO COPPER

giving

Conductor l Ag Cu Au Al Zn | Brass
g, 1-06 1.00 0-70 0-61 0-28 0-24
g, 1 0-97 1-00 1:19 1-28 1:90 2-04

For copper we have R, =000452A"* ohms and
8o = 3-84% x 10~ ¢ metres and for non-magnetic materials
whose conductivity relative to that of copper is g, we have
R =Ry, and é = 9, Table 4 gives the factor g, for
a few metals.
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At a wavelength of 10 centimetres R, = 0-0143 ohms and
4 = 1'2 x 107¢ metres which is no more than twice the
wavelength of light.

The average flow of power W into unit length of the walls is
the real part of equation (33), hence

w =2 [ mmas. (39)
The energy lost per cycle, 2zW/w, is
[[ 78 Gy as. (40)

As }uHH; is the density of magnetic energy at the surface
of the conductor this result means that in each cycle an amount
of energy is dissipated equal to the magnetic energy stored in
a skin of thickness nd. An idea of the order of magnitude of
the attenuation in a waveguide may therefore be formed by
comparing the area of this thin skin (#é X perimeter) with the
cross-sectional area of the guide leading to

nd X perimeter

_ J.,)' :
o ( 7 ) nepers per guide-wavelength  (41)

or, approximating further
. 28 x perimeter
’ A X area

These formulae show clearly how waveguide attenuation
depends on wavelength, conductor material and size and shape
of guide and readily yield its order of magnitude.

Now splitting W into two integrals over the walls parallel
and perpendicular to the electric field

b
W=R_[OH,H‘ dy+Rf:H.H:dz

— Ra® bE* RaE?
ntMa? + 2n?

S IREIO) I

where the intrinsic 1mpedanoe of the medium in the guide is

nepers per metre. (42)
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(u/€)t. The total power flowing through the guide is
__abI'E®
You
Hence the attenuation is
W

;nafg+2(%)']_ N
[ -]

Thus for a copper waveguide 3 inches by 1 inch internal
dimensions this equation gives an attenuation of 0:00253 nepers
per metre at a wavelength of 10 centimetres. From the
approximate formula (41) we have 0-0026 nepers per metre.

P (44)

Review

In the preceding paragraphs the properties of a simple wave-
guide have been worked out. Starting from Maxwell’s equa-

tions and applying the boundary conditions for a rectangular
conducting pipe we have derived a set of solutions [equations
(13), (15), (16)] in each of which the electric field is everywhere
parallel to the y-direction. Each of these modes has its
critical wavelength given by equation (19). At shorter wave-
lengths than the critical the wave travels with a velocity
given by equation (23) and at longer wavelengths equation
(21) gives the attenuation constant governing its decay.
The group velocity has been calculated from the known fre-
quency-dependent wave velocity [equation (25)] and shown to
be equal to the speed at which energy travels in the guide.
This speed is always less than that of a plane wave in the
medium whereas the wave itself always travels faster than a
plane wave. By taking into account the energy spent in
heating the walls of the waveguide, the attenuation constant
has been found [equation (45)] and a useful approximate
result given [equation (41)]. The latter shows that wave-
guide attenuation per wavelength is of the order of the ratio
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of skin depth in the conductor to the linear dimension of the
cross section. For a given waveguide the attenuation constant
increases as the square root of the frequency but if the size
of the waveguide is changed in proportion to the wavelength
the attenuation constant increases as the sesquialterate power
of the frequency. Field equations for the circular waveguide
are given in section 7.

4. Synthesis of Waveguide Fields

The procedure just described for investigating the properties
of a waveguide exemplifies the method of attack on waveguides
of other shapes, i.e. Maxwell's equations are written out in a
suitable coordinate system and solved for the appropriate
boundary conditions. In the case of the rectangular wave-
guide carrying modes such as those we have been discussing,
an alternative method is available which leads to a useful
physical picture of the guided wave.

Consider an infinite conducting plane in a loss-free dielectric,
upon which is incident an infinite plane wave whose electric
vector is parallel to the plane (Fig. 72).

Figure 72.—Plane wave incident on a conducting sheet.

At the plane the electric field is annulled and the reflected
wave sets up an interference pattern which moves without
change along the plane.
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Fig. 73 shows the crests and troughs of the electric field.
There is no net flow of energy in the direction normal to the
plane, but there is a steady flow parallel to the plane. If z is
measured normal to the plane, y parallel to the electric vector
and z is the direction in which the energy moves, the only field
components are E,, H, and H,. If 1 is the wavelength of
the incident radiation and 6 is the angle of incidence, £, will

—»1

Figure 73.—Interference pattern at a conducting sheet. The electric
vector is normal to and the magnetic field parallel to the plane of the

diagram.
be zero on the planes x = 0, {nd sec 0 parallel to the reflecting
sheet. Consequently a conducting plane can be introduced
into the field at a distance 44 sec 6 without disturbing the
distribution. Moreover if conducting planes are introduced
at y = 0,b the boundary conditions will still be satisfied by
the existing field.

We are now left with a travelling wave in a rectangular
pipe. The field is the sum of two plane waves whose wave-
fronts make an angle 0 with the axis, and which are reflected
back and forth down the pipe. The distance measured along
the pipe between points in the same phase exceeds the wave-
length in the medium and from Fig. 73 is seen to be 4 cosec 6,
hence the phase velocity v, = v cosec 6. If the width of the
pipe a = §4 sec @ is kept fixed, then as the wavelength of the
radiation is increased the angle 6 approaches zero, the phase
wavelength approaches infinity and the direction of the com-
ponent waves approaches pormal incidence on the walls.
When 6 is zero, A = 2a ; consequently 2a is the critical wave-
length which 1 may not exceed. For very short wavelengths
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6 approaches 90 degrees, the phase wavelength approaches
the wavelength of a plane wave in the medium, and the
direction of the component waves lies mainly along the
axis. The energy velocity, as we have seen, is v*/v, = vsin 0
and this is the resolved part of velocity of the plane
wave components along the axis. If the amplitude of
the plane waves is $£ then the maximum electric field is E.
The power carried by such a plane wave is £2/87 per unit area.
If we double this, resolve along the axis and maultiply
by the area of the pipe, we have for the flow of power,
P = E* ab sin 0/4n = E* abi/4nd, which agrees with (44).
We also observe that since A/41, = sin 6 and A/A, = cos 6 it
follows that (1/4,)* + (A/A,)?* = 1. The transverse com-
ponents of electric and magnetic fields are in a constant ratio
independently of the coordinates. For a plane wave E/H = n ;
in the waveguide, —E ,/H, = n/sin 0 = ni,/A = jou/I.

Most of the results for the rectangular waveguide have now
been obtained by the method of decomposition into plane

waves,

5. Nomeneclature of Wave Types

To illustrate the rectangular waveguide modes other than those
discussed here in detail, Figs. 74, 75 and 76 have been prepared.

TE 5 TEw

Figure 74.—Electric lines in transverse section of a waveguide carrygg
the TE,, mode. Conducting partitions may be inserted along the
lines without disturbing the field. Each cell then carries a TE,, wave.

The TE,, mode is the one with which we have been mainly
concerned and the subscripts indicate that there is one half-
period variation in the z-direction and none in the y-direction.
The electric field in the transverse plane of the TE;, mode
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(Fig. 74) shows three half-period variations in one direction
and two in the other and we see that the wave may be re-
garded as divided into six equal cells in each of which a TE,,
mode is present. The dividing walls between the cells occur
at places where conducting planes could be inserted. To

Figure 75.—Magnetic lines of the TM,, mode in rectangular waveguide.
Each of the six cells carries a TM,, wave.

visualise the T'M,, mode (Fig. 75) one should fill each cell
with a T"M ,, wave. As neither of the subscripts of transverse
magnetic waves can be zero, all modes in rectangular wave-
guides are built up from three simple modes only. These are
the TE,,, TE,, and TM,,. A grasp of these three modes of
propagation, together with the fundamental circular electric
mode, will be found sufficient for forming a qualitative picture

T (T

TEa TEy

Figure 76.—Electric field of the TE,;, mode. Each of the cells carries
a TE,, wave.

of the modes of transmission in waveguides of circular or
any other cross-section. To illustrate this Fig. 77 compares
corresponding modes in rectangular and circular wayeguides.
The correspondence is such that one pattern may be trans-
formed into the other by continuous deformation of the wall.
The circular electric mode, which is also shown, has no analogue
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in rectangular pipes—deformation of the pipe causes lines
of force to snap and simple squeezing into a rectangular shape
results in a TE,, mode.

The nomenclature of wave types in circular pipes is dis-
cussed in section 7 under circular cylindrical resonators.

OLOC

TE:. TECq

Eﬂﬂ%-

TE“

Figure 77.—Corresponding modes in circular and rectangular pipes.

6. Waveguide Impedanee Theory

Normalised Impedances in Waveguides

Much of the foregoing matter has been concerned with em-
phasising the differences between waveguides and conventional
transmission lines and these differences must be kept in mind.
Yet there is a similarity between the two which is most impor-
tant in practice for it allows the impedance-measurement
techniques in use with conventional lines ‘to be applied to
waveguides. If, in a length of waveguide, discontinuities
are so remote that the dominant mode exists in virtual purity,
then there will in general be unequal waves travelling in
opposite directions and giving rise to a standing wave pattern
such as might be found on a conventional transmission line.
The pattern is sufficiently specified by two real numbers :
the standing wave ratio? S which is the ratio of the minimum

* Standing wave ratio so defined lies between 0 and 1. The reciprocal is
sometimes used in which case standing wave ratio ranges from 1 to®. Two
advantages are possessed by the present definition : on the Kennelly charts
the standing wave ratio of every circle centred on the real axis is readily
found as the abscissa of its intersection with that axis, on the Smith chart
equal increments in standing wave ratio produce roughly equal increments
in the radii of the circles of constant standing wave ratio, thus facilitating
interpolation.
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to the maximum field and the space phase # which is the dis-
tance in angular measure of a minimum from a fixed reference
pint. Fig. 78 shows the standing wave on an actual trans-
mission line. The two quantities § and 6 may now be used

Eﬂ"ﬂl

| I E
A » —pTo lood
L.

Figure 78.—8tanding wave pattern on a transmission line.

to define the impedance at the point 4 by analogy with the
conventional line for which

Z =Zy (8,0 (46)
where Z, is the characteristic impedance of the line. So far
the question of the characteristic impedance of a waveguide
has not arisen, nor need it here for it will be sufficient to have

& definition of the normslised impedance { at a point in a
waveguide

Z
= — = ; 47
¢ z, é (S, 0) (47)
The actual form of the function ¢ is
4 (S, 6) = tanh (artanh § + j0). (48)

It will be noticed that in this definition of impedance no
ntio of voltages and currents is implied. We have simply
defined a function of the observable quantities S and 6, which
rplaces the customary impedance of conventional line theory,
¥hen we are dealing with reflections and impedance matching.

Limitations of the Theory

As an example of the meaning of waveguide impedances,
tonsider a metallic obstacle placed in a transverse plane of a
wavegnide. Suppose that a generator feeds one end of the
vaveguide which extends to infinity. Near the obstacle the
feld will be distorted in such a way that the electric lines
terminate normally on the conducting surface. The total
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field may be regarded as the sum of a number of the possible
patterns which can exist in the undisturbed guide. Well
away from the obstacle only the dominant mode will be found
as no other mode is capable of propagation. Near the obstacle
as many additional modes occur as are necessary to satisfy
the boundary conditions and they are attenuated exponentially
in both directions. The dominant mode will be found travel-
ling in both directions between the generator and the obstacle
but beyond the obstacle travelling outwards only. These
are the incident, reflected and transmitted waves. As far
as the behaviour of the dominant waves is concerned the system
may be interpreted as a uniform line having a shunt reactance
at the position of the obstacle. If the reactance is negative
then the energy stored by the local fields will be predominantly
electric.

The last paragraph indicates that the analogy with the con-
ventional line has strict limitations. Two conditions which
must be fulfilled are firstly that only one mode can be propagated,
and secondly that attenuated modes shall be negligible, in
the neighbourhood of the point where impedances are to be
measured.

Impedance Charts

The bulk of numerical work with transmission lines is carried
out graphically on charts of two kinds, the Kennelly chart,
Fig. 79 and the Smith chart,® Fig. 80. Each of these consists
of two sets of superimposed orthogonal networks, one of
8 and 6, the other of normalised resistance (p = R/Z,) and
reactance (§ = X/Z,). A point on the chart is therefore
characterised by a pair of values of § and 6 and the components
of a complex impedance { which satisfies the relation
r =4 (S, 0).

* A. E. Kennelly, Chart Atlas of Complex Hyperbolic and Circular Functions,
Harvard University Press, Cambridge, Mass., 1924 (of this collection the
hﬁrbolic tangent charts are the ones referred to here) ; and P. H. Smith,
“ ission line calculator,” Electronics, Vol. 12, January, 1939, pp. 29-30.
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To construct the Kennelly chart the relation
{ = tanh pu (49)
where y = artanh 8 + j0 (6 in quadrants), has been plotted
on the complex plane of {. '
By making the transformation
w = ¢ —1
£ +1
the Smith chart is obtained. In polar coordinates,

(50)

1 +8

w = exp j26.

As the Kennelly chart represents impedances in rectangular
coordinates it is useful where lumped resistances and reactances
occur and when calculations are carried out in terms of im-

Figure 79.—Kennelly chart used for transmission line calculations.

pedances, as for example when changes in characteristic
impedance have to be made. In some experimental work the
measurable quantities S and 6 may be sufficient for the cal-
culations without at any stage changing to impedances.

BR
10
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Or again highly reactive impedances may be involved. In
these cases the Smith chart has advantages for it is easier
to plot on the § and 6 loci which are radial lines on concentric

Figure 80.—Smith chart. Left—Resistance and reactance circles.
Right—S8 and @ loci.

X
Zo

. Figure 81.—Passing from the Kennelly to the Smith plane.

circles, and in the second case the chart covers the whole
semi-infinite range of values of {. In general it is found that
one chart usually offers advantages over the other when a
particular calculation is to be done and it is necessary to be
familiar with both. Fig. 81 suggests a way of picturing the
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transition from the Kennelly to the Smith chart showing how
the infirite half-plane is compressed into a circle.

The graphical charts are not only used for numerical calcula-
tions. A good deal of qualitative thinking can be done quickly
and easily with their aid which could otherwise hardly be
done at all. Examples of this use are given in the next chapter.

Wave Impedance and Power Flow

So far the measurements discussed have been independent
of the absolute level of the electromagnetic fields involved.
Sometimes however one wishes to calculate the electric or
magnetic field when the flow of power is given or to calculate
one field component in terms of the other. This requirement
mtroduces the idea of wave impedance which in a waveguide
is defined as the ratio of the transverse field components.
If w and ¢ are mutually perpendicular directions in the trans-
verse plane then the wave impedance is given by

K,=3"=—2" (51)

The senses of » and v are chosen to make K, positive for a

positive-going wave., In a rectangular waveguide carrying
fields of the type discussed above, we have from equations
(13) and (16)

E, jou i
K,=—H—'_ P_[l—<£'->']r (52) .
Ao
From equation (29) the flow of power P down a rectangular
waveguide is

a VV*
4 K,
where V = Eb exp (jwt — I%) is the integral of the electric
field in the medium plane from one wall of the waveguide
to the other. By comparing this equation with

Ve
2Z,
for a conventional transmission line one is tempted to define

P =

(53)

P =

(54)

10-2
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the characteristic impedance of a waveguide by the formula

Zu == %‘bK‘. (55}

Such a course cannot lead to error but if subsequently an
attempt is made to find an analogue for I, the current in a
conventional line, care will be needed. Suppose as is com-
monly done, that the total longitudinal current

E exp (jowt — IZ%)

J‘“ Hdz — — .21"3
0 joun

crossing a transverse line in the wide wall is called I. Then
the two relations between P and I and between V and I will
define two more characteristic impedances equal neither to the
one already obtained nor to one another. One possibility is
to have three different impedances but as they differ only by
a numerical factor the course suggested here is to retain one
only, the first mentioned, and modify the usual equations
containing 1.

Thus
nt ZoII*
P=T.2 (56)
V= E Z, I (57)

It is reasonable to make the choice in favour of the equation
containing P and V for the quantity ¥V has important signific-
ance relating to dielectric failure whereas I might with equal
or more utility have been defined in terms of the maximum
longitudinal current density as a(H,)n,... The advantage
of the above procedure lies in having a definite though arbitrary
characteristic impedance instead of three or none. It should
be stressed that the characteristic impedance has been agreed

upon only for the rectangular waveguide carrying the TE,,
mode but that in general a unique wave impedance is always
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svailable. The characteristic impedance has two wuses:
(a) for simply relating potential difference and power and
(b) for calculating reflections at a junction between two TE,,
waveguides of different dimensions.

A 3-inch x Il-inch waveguide has a wave impedance of
306 ohms and a characteristic impedance of 337 ohms at a
wavelength of 10 centimetres. If one megawatt is flowing
the maximum voltage is 2:6 x 10* volts and the gradient
102 x 10% volts per metre. The maximum longitudinal
current is 98 amperes and the maximum current density
169 x 10° amperes per square metre for a copper waveguide.

7. Cavity Resonators

Solution of Maxwell’s Equations

A dielectric region completely enclosed by a conducting
surface constitutes a cavity resonator. Such a resonator
possesses an infinite number of natural frequencies and corres-
ponding field patterns. We shall first consider the case of
perfectly conducting walls and non-conducting dielectric
and then take account of damping.

The differential equation which the electric field in a resona-
tor (or waveguide) must satisfy is obtained from Maxwell’'s
equations as follows :

curl E = — jouH

curl H (58)

Taking the curl of the first and substituting the second,

curl curl E = w?euE (59)
since curl curl = grad div — F? and since div E = 0 we have
VE + ow'euE = 0. (60)

This is the vector wave equation. Solutions to this equation
are obtained by separation of variables. In a limited number
of coordinate systems (about five all told) the vector wave
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equation splits into three total second-order differential equa-
tions and the field may be expressed as the product of the three
functions satisfying these equations. Although direct solution
by this method can be carried out for comparatively few
shapes of cavity its value lies in the possibility of constructing
further solutions by linear superposition. The problem is
similar to that of acoustical resonance though more difficult.

Once a solution for E has been found H can be obtained from

__jeurl E
=
and will be found to satisfy the necessary boundary conditions,
viz. that there should be no normal component of magnetic
field and no tangential component of electric field on a per-
fectly conducting surface. For over a closed path in the
surface, [ E-ds = 0 since there is no tangential component of
E. Therefore ff curl E-ds = 0. Hence the normal component
of curl E vanishes on the surface and H is everywhere tangen-
tial. '

H (61)

Rectangular Prism

Consider a rectangular prism whose faces are at 2 = 0a
y = 0,b, z = 0,c. By writing the vector wave equation in
Cartesian coordinates, separating variables and determining
the constants of integration from the boundary conditions
viz. B, = 0 when y = 0,2 and z = 0,c, etc., we have for the
various components

kyk, : :
E T apm  e—————— E
2 P cos k,z sin k,y sin kyz
B koks , i
E, = — PR E sin k,z cos kyy sin kg2

E, = E sin k,z sin kyy cos kyz (62)
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: ky :

H, = chm E sin kyx cos kgy cos kyz

o Aee it S .
H, = Jwih' TR E cos kyx sin kyy cos kg2
H,=0. '

where
kl = L‘T/ﬂ-, kz = mﬂ/b, ks == m’/c, {63)
(2r/2)* = k\* + ky® + kg% (64)

and I, m and n are integers.

It will be noticed that H , is zero. Onme further set of linearly
independent solutions exists for which E, = 0. The two
types of solution are called Transverse Magnetic (TM) and
Transverse Electric (TE) modes. The three integers (I, m, n)
generate a triple infinity of each kind of mode. The resonant
frequency of each mode is determined from the formula

2
A= I\? m\? n)l]l
[G) ) +C

for the modesTE,,,, and TM,,,.. The longest wavelength is
obtained when one of the integers is zero and the two associated
with the largest dimensions are unity. In this case the electric
field is parallel to the least dimension which then plays no
part in determining the resonant frequency, i.e. the field is
two-dimensional. Only in rectangular prisms is there complete
degeneracy between T'E and 7'M modes. In practice slight
departures of the shape from squareness will cause the modes
to separate. Another type of degeneracy occurs if two dimen-
sions are equal eg. if a=b. Then the modes TE,, will
have the same frequencies as TE,,. Further degeneracies
occurring for particular shapes are called accidental. As
smaller and smaller wavelengths are considered the number
of resonances which can occur in a resonator becomes very
large. For a rectangular prism the number of modes resona-

(65)
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ting at a wavelength greater tham A, is about 8 X volume/2,%.
Thus a three-foot cube contains about 6000 modes with wave-
lengths greater than 10 centimetres. A similar qualitative
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Figure B2.—Mode lattice for cylinder resonators.

gituation holds for resonators of any shape. The distribution
of modes in a circular cylinder can be obtained from Fig. 82
which is a mode lattice* suitable for numerical calculations.

¢ R. N. Bracewell, “Charts for resonant frequencies of cavities,” Proec.
I.R.E., Vol. 35, 1947, pp. 830-41.
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The field components of transverse electric waves in a

rectangular prism are :

kk .
H, = —“—_il_;'fismklzcnak.ycosk,z
. ,
H, = k’+k, H cos kyx sin kyy cos kyz
H, = H cos kx cos kyy sin kyz
(66)
kq
E, —gwyh’_l_k' H cos kx sin kgy sin kg
. k . :
E, = —jw#kl'—:_k'l Hsmkl:ccoak,ysmk,z
E, =0.

Some combinations of the integers, I, m, n, lead to trivial
solutions or to fields incompatible with the boundary conditions.
There are no resonances unless the following conditions are

fulfilled : I + m > 0 for TM modes and (!l 4+ m)n > 0 for
TE modes.

Cireular Cylinder

The field components for the circular cylinder are given for
the TM,,, mode by

nx . Nz

E, = - EJ{kr) cos I sin 'y

nael nrz
Eg = Wik —— EJ (kr) sin 18 sin o
E, = EJ(kr) cos I cos %

(67)

—_— de nuz
H, = o EJ (kr) sin 16 cos A
Hg = —‘% EJi(kr) cos 18 cos ﬂih-w
H,=0.

where (r, 6, z) are cylindrical polar coordinates, I, m and n
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are integers, h is the height and @ the radius of the cylinder
and z,,, = ka is the mth root of J,(x) = 0. The resonant
wavelength is given by

-G

For the TE,,,, mode we have the following field components :

nrx . nnz
Hr Te= R_HJI(’CT} cos 10 GOBT
nal . nnz
Hﬂ = — mHJl(kr) BIHMCDET
H, = HJ,(kr)cos I8 sin =

h
(69)

_ Joul . . naz
E, = o HJ (kr) sin If sin %
Ey = ?;ﬂ‘ HJ(kr) cos 16 sin“—’;
E, =0.
In this case z;,, = ka is the mth root of Jy(x) = 0. Table 5
gives a few values of these roots.

TABLE 5—ROOTS OF BESSEL FUNCTIONS

Hﬂ“ﬁ Tim

TE,, 1-8412
TE,, 3-8317
T.E"l 4'201"
TE,, 5-3175
TEl. 5'3315

TM,, 2-4048
T™,, 3-8317
TM,, 5-1356
TM,, 5:5201

The integers I, m, n, specifying the mode may be described
as follows :

! = the number of full period variations undergone by any
non-zero field component as 6 varies from 0 to 2x.

m = the number of zeros of angular component of electric
field in the case of T'E waves or of axial component of electric
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Figure 83.—Field patterns in cavity resonators.
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field in the case of TM waves, lying on a radius, counting that
at the wall but not that which may occur at the centre.

n = the number of half-wave variations through which the
standing wave pattern extends in the z-direction.

Not all integral values may be assumed by /, m and n. Thus
m cannot be zero. In the case of TE modes n cannot be zero,
for this would involve a magnetic field parallel to the axis,
which is not consistent with the boundary condition for mag-
netic fields on the conducting discs closing the cavity.

To calculate resonant frequencies for the circular eylinder
the quickest procedure is to use the mode lattice shown in
Fig. 82. :

Field patterns of simple modes in wvarious cavities are
illustrated in Fig. 83. The drawings give three-dimensional
views of the electric and magnetic fields which bring out some
general properties of standing wave patterns in resonators, viz.
that where the magnetic field is strong, the electric field is weak
and that the magnetic lines form loops enclosing the electric
lines. It can be seen that the magnetic lines run tangentially
to the surface whilst the electric lines terminate normally.
In one case, the TK,,; mode in the circular cylinder, electric
lines are shown which do not terminate at all but are closed
on themselves. The phase relation of the two fields is such

m circles

£ diometers

n compartments

Figure 84.—The subscript notation for circular cylinders. The TM,,,
mode isused as a model and H-lines in the transverse plane are shown.

that the stored energy passes from one to the other each quarter-
cycle or one is zero when the other is at a maximum.

It is of help in picturing a given mode in a circular cylinder
to know that metallic partitions can be inserted in the resonator
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without disturbing the field and that the cells into which the
resonator is thus divided contain fields resembling the TE,,,
TE,,,, TMy, or TM,, modes all of which are shown in
Fig. 83. The partitions are planes containing the axis, planes
normal to the axis and coaxial cylinders. Altogether there
are | nodal diametral planes, m nodal circles and » axial com-

Figure 85.—The TE,,, n;odn in a eylindrical cavity.
partments. This is illustrated in Fig. 84 which shows the
partitions for the 7'M ,,, mode and the H-lines in the transverse
plane. Each cell contains a field resembling the 7'M ,,, mode.
Fig. 85 shows a cylinder containing the TE,,, mode.
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Travelling waves in circular pipes are named just as in
circular resonators save that only the first two subscripts are
necessary. Travelling wave patterns, such as that of Fig. 69,
may be obtained from resonator patterns by displacing the
electric field one quarter-wavelength axially. Comparison
of the TE,, travelling wave Fig. 69 and the TE,,, standing
wave in a rectangular pipe, Fig. 83, shows the space relation
between electric and magnetic fields in the two cases. In the
first, one field type is at a maximum where the other is zero ;
in the second, the transverse components of the two field types
are everywhere in the same proportion.

Field equations for the circular waveguide may be obtained
from equations (67) and (69) by replacing cos naz/h and
sin nzwz/h by exp (— j2nz/4,) and j exp (— j2nz/A,) respectively
and multiplying by j the expressions for electric field, where
(A/44)* + (A/A.)? = 1 and the critical wavelength 1 is related
to the diameter of the pipe by

D Tim (70)

A, 7

Table 5 allows D/, to be evaluated or it may be taken directly
from the D/A-scale of Fig. 82. The least value of D/A, is
0-586. Hence the longest wavelength which can be pro-
pagated in a circular pipe is 1-70 times the diameter and the
mode is the TE,,.

Instead of deriving the standing waves in a resonator directly
it is possible (in cavities of constant cross-section) to build up
~ the fields by superposition of equal waves travelling in opposite
directions. Thus the circular cylindrical resonator may be
regarded as a circular waveguide closed by plane ends an
integral number of guide-wavelengths apart and the field as
due to successive reflections of a travelling wave.

Modes in resonators formed of coaxial cylinders closed by
annular ends are named after the corresponding cylindrical
modes into which the patterns pass continuously as the inner
cylinder shrinks to zero radius. The TEM modes however,
cannot exist in the absence of the inner cylinder.
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Coupling®

The cavities so far considered have been completely enclosed
in a perfectly conducting envelope. We have shown that
if any electromagnetic energy resides within certain cylindrical
and prismatic cavities then it must be stored in one or more of
the normal modes at the discrete natural frequencies of the
cavity. If the slight spread due to finite conductivity of the
walls is neglected, there can be no fields within the cavity,
at frequencies other than the natural frequencies, in the
absence of a generator. To sustain the field in a resonator
a source of power must be introduced. Usually one desires
to retain the properties of an undisturbed cavity so a small
orifice in the wall is made and a field maintained across it
resembling the field which would be there in the presence of .
the mode which it is desired to excite. Let the impressed
fields at the point of coupling be E, exp jwt and H, exp jwt
and let the fields at this point due to unit energy stored in
the ath natural mode be E, exp je,t and H, exp jo,t. Then
every mode will be excited for which the scalar products
E,-E, and H, - H, do not vanish, This does not mean that
oscillations are set up at the various natural frequencies, but
that the various natural patterns execute forced vibrations
at the angular frequency w. The amplitude of excitation is
proportional to the scalar products above but if @ =% w,,
it is small. Often only the mode whose natural frequency is
nearest to the impressed frequency need be considered. When
the impressed frequency is very close to a natural frequency,
the amplitude of excitation of that mode is enormous in
comparison with all others and limited by the damping due
to finite conductivity of the walls.

It is worth while stressing the difference between free and

* Ccu'plmg is discussed in the following: E. V. Condon, “Forced oscilla-
tons in cavity resonators,” J. Appl. Phys., Vol. 12, 1941, pp. 129-32; 8. A.
Schelicunoff, * Representation of impedance functions in terms of resonant

e8,” Proc. I.R.E., Vol. 32, 1944, pp. 83-90; C. G. Montgomery,
R. H. Dicke and E. M. Purcell (Eds.), Principles of Microwave Circuits
(Massachusetts Institute of Technology, Radiation Laboratory Series, Vol. 8),
MeGraw-Hill, New York, 1948.
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forced vibrations in a cavity. A cavity with no source of
power can only contain the natural field patterns at their
respective natural frequencies whereas a cavity continuously
excited by a simple harmonic oscillator contains, in addition
to possible natural oscillations, any natural field pattern
varying at the oscillator frequency. Figs. 67 and 68 show
fields of the TM,, mode in circular waveguides of different
sizes. In one case the fields extend with unchanged amplitude
along the guide and in the other they are attenuated rapidly
with distance. Forced patterns in a resonator behave in
either of these ways and may therefore differ from the corres-
ponding natural pattern to the extent that dependence on one
coordinate may resemble a damped wave rather than a standing
wave with nodes and antinodes. Some will make their pre-
sence felt throughout the cavity whereas others will be localised
in the vicinity of the coupling point.

Figure 86.—Window-coupling to a cylindrical cavity.

Practical means of exciting cavities are divided into electric
and magnetic according to the predominating component
of the desired mode at the point of coupling. Both electric
and magnetic coupling may be effected by feeding the cavity
through a hole in a waveguide. Fig. 86 shows a cylindrical
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cavity excited from a rectangular waveguide. At the coupling
orifice there is normally no electric field so the coupling is
magnetic. The magnetic field in the guide is tangential to the
wall in the direction shown and any natural mode of the cavity,
which calls for such a magnetic field at the orifice, will tend
to be excited. A TFE,, wave in the waveguide of Fig. 86
would be suitable for exciting the TE,,, mode in the circular
cylinder. Fig. 83 illustrates the latter mode.

Fig. 87 illustrates two methods which are commonly used

Figure 87.-—Means of coupling to cavity resonators.

for coupling a coaxial transmission line to a cavity. The
magnetic form of coupling comprises a loop which links with
magnetic lines of force. The electric coupling may be re-
garded as a small aerial exciting modes which have a normal
component of electric field. In the last case the degree of
coupling may be controlled by withdrawing the probe and in
the first, one may simply rotate the loop. If only one mode
is excited two positions of zero coupling will exist, but unless
the loop is situated at a point free from electric field, the

BR II
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positions of zero coupling are not in general 180 degrees apart
nor are the amplitudes of excitation equal at the two positions
of maximum coupling.

Tuning

Adjustments to the resonant frequency of a cavity resonator
are conveniently made by making changes in the shape. A
common way of doing this is to insert plugs through the walls.
- Often the effect on resonant frequency cannot be simply
calculated but it is possible to say whether the frequency will
be increased or decreased from a knowledge of the undis-
turbed fields. If a conducting object is introduced into the
resonator at a place where the electric field predominates
then the resonant frequency will fall (Fig. 88). The frequency

Figure 88,—Effect of tuning slugs on resonant frequency.

will rise if the object is placed in a strong magnetic field. A
resonant coil and condenser show the same effect, for if metal
is placed between the condenser plates the capacity increases
but metal in the coil lowers its inductance. To estimate the
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order of magnitude of the change we may assume that the
proportional change in resonant frequency is equal to the
average proportion of the total energy of the resonator which
is stored in the electric or the magnetic form within the volume
to be occupied by the plug. If the plug is to be inserted where
there is both electric and magnetic energy, then the difference
between the two average values must be taken. It follows
that there are places in the walls of most resonators where
plugs may be inserted without much change of frequency.

For small plugs and small insertions the effect is roughly
proportional to the volume of the plug and if the point is one
of pure magnetic or electric field the proportional change in
wavelength is approximately equal to the ratio of the volume of
the plug to the volume of the cavity. A perturbation theory
for obstacles in cavities is given by Slater in the paper men-
tioned in the previous section. The approximate results
given above represent the first term of a series developed by
Slater. "

Damping

The damping of fields in resonators results from energy loss
due to the conductivity of the walls and dielectric. Where
low damping is required dielectric loss can be rendered negli-
gible in comparison with conductor loss by using air dielectrio.
Where both sorts of loss are present the resultant damping
is the sum of the separate dampings. If the conductivity of a
uniform dielectric completely filling the resonator is g and its
permittivity e, then the damping is simply g/ € for any shape
or mode. In the more important case of conductor loss how-
ever the shape and mode are very important. It is usual to
work in terms of the reciprocal of the damping viz. @ which
may be defined as 2n times the ratio of the mean energy
stored in the resonator to the energy losgt per cycle. Thus

Q = oU/W (71)

where U is the stored energy and W the power dissipated. To
calculate the @ of the resonator we must therefore first deter-

11-2
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mine the fields inside it and then find by integration the energy
of the field and the flow into the walls. Taking the scalar
product of the first of Maxwell’s equations with H* and the
conjugate of the second with E and subtracting we have

- H* curl E — E-curl H* = — gE-E* + jw€E-E* — jo uH-H*

= div (E xH*). (72)

Integrating over a volume bounded by a surface S,

3 f f (ExH*4S + }jo | [ HH*d — }jo _[ _[ f €E-E*dv

[

+ 3 gE-E*dv = 0. (73)

o & W

The real part of the complex Poynting vector 3E x H* gives the
mean power crossing unit area. In a uniform static field of
strength E,, the electric energy density is $¢Ej; in an har-
monic field E, H (z, ¥, 2) exp j (ot + «), the mean electric
and magnetic energy densities are }eE‘E* and }uH'H*.
If the conductivity of the dielectric is zero, the last term in
equation (73) representing the energy lost in the dielectric,
is zero. The first term is equal to the complex flow of power
across the surface §. If the surface is perfectly conducting,
the vector product of E and H has no component normal to
the surface.

Consequently

tjow ”‘J‘ uHH* dv — §jo fff €EE*dv =0 (74)

and it follows that the mean values of the oscillating electric
and magnetic energies are equal. The total energy stored in a
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resonator is therefore twice the mean magnetic energy and is

given by
U =} jff uH-H* dv. (75)

The mean flow of energy W into the walls is the real part of
}[[ E.H*dS where E, is the small tangential component of
electric field and dS is an element of area of the wall. Now

E,=R( +j H, (76)

=% | f j HH *dS (77)

=§ f f H-H*dS.

Hence we have for the @, assuming that the loss of energy is too
small to appreciably affect the field distribution,

oy po [

(78)
"R [[Haeas

where u is the permeability of the dielectric and R the intrinsic
resistance of the conductor. If we assume that dielectric and
conductor have equal permeabilities, the formula becomes

J'”Hn*dv
a”jnn*ds

An idea can be obtained of the order of magnitude of @’s by
assuming & uniform distribution of magnetic energy. A better
approximation should result from halving the value obtained as
magnetic fields tend to be strongest near the conducting surface.

therefore

(79)

where d is the skin depth.
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Then

Q = _E (80)

where V is the volume and § the surface area. If the highest
Q is to be obtained, the largest ratio of volume to surface area
should be aimed at for the losses occur at the surface whereas
the energy is stored throughout the volume. As the simple
formula is approximate one cannot conclude that the resonator
of highest @ for a given wavelength is spherical in shape.
However the sphere is much better than either the cylinder
or cube.

The- Q of cylindrical resonators may be calculated from the
following dimensionless formulae derived from equations
(67). (69) and (79). The quantity Qd/4 is a function of mode
and shape only and is of the order of magnitude unity. In
TM modes,

@ _ {(%'D +%C)} i

% n =0
l+—h+
(81)
{:M: nt Za\!*
(&1
a =0
Ly

and for TE modes,

o =GO -G}
A '*'2“”"();) ztnw(h) (__2)

(82)
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Figure 90.—Q3/A for TM modes in circular cylinders.
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Equivalent Cireuit

The behaviour of a resonant cavity in the neighbourhood
of a resonance is reminiscent of the parallel resonant circuit
with small losses and suggests the existence of a parallel
combination of L, ¢ and R which would accurately represent
the resonator. To specify such a parallel circuit three quan-
tities are necessary. These might be chosen as (LC)~%,
R(C/L)* and (L/C)' which are :espectively the resonant
frequency w,, @ and characteristic impedance. Now only
two quantities are intrinsic in a resonator—resonant frequency
and Q. Since there is nothing corresponding to characteristic
impedance, none of the quantities L, C and R is defined.
However by making one arbitrary assumption one may obtain
an equivalent circuit which is then not unique. For example
one may assume a value of L, C, R or (L/C)! or arbitrarily
define the voltage or current associated with the circuit.

Cavity resonators, which are used for accelerating electron
streams Fig 91, have a gap across which a voltage
V = V,expj(wt + «) appears when electromagnetic power W

Figure 91.—Resdnant cavity with gap for accelerating eiectrons.

18 fed into the cavity. If the beam loads the cavity lightly,
this power is absorbed in the walls. The suitability of the
cavity for producing a high gap voltage from a given input
power is measured by the shunt resistance R,; which is defined
50 that

vv*

SR, W, (83)
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allowed for and this is usually satisfactory as the behaviour of
a resonator is dominated by the mode whose resonant fre-
quency is close to the exciting frequency.

£l
S 1T

o &

1
10T

& L _ —0

©)

Figure 93.—Equivalent circuits for cavity resonators. (a) Cavity with
magnetic coupling. (b) Cavity with electric coupling. (¢) Cavity with
two coupling loops.
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CHAPTER VII

TRANSMISSION LINE AND RESONATOR TECHNIQUES

Ix the previous chapter the theory of waveguides and cavity
resonators has been discussed. It is now necessary to relate
that theory to practical applications, and to discuss in some
detail the more significant of these applications. In actual
fact, more than the direct transfer of theory to practical
equipment (i.e. working models) is involved ; such aspects
as economic considerations, ease of operation, wide utility
etc., must also be considered. It is with these aspects as
well as the application of theory that the following discussion
will be concerned.

When a particular system is to be described, it will be de-
signated as either coaxial line or waveguide, these being the
only two which are of concern in this chapter.

1. Feeder Systems in General

In a radar set, the feeder system connects the transmitter
to the aerial and the aerial to the receiver and includes the
auxiliary parts such as TR and RT switches.

The main requirements of such a system are that the RF
power be transmitted with negligible or small losses, and with
freedom from electrical breakdown. In addition, as the radar
set may be required to work on any one of a number of fre-
quencies in a given frequency band, the feeder system and its
associated parts must function equally well over the specified
band. This eliminates the necessity for readjustment and
tuning of the apparatus every time a change of frequency is
made. In practice however, it may not be possible to obtain
uniformly good performance over the entire band, due to the
frequency-selective elements employed, and so a limit is
set for the worst performance that can be tolerated.
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In case (b) where Z, s« Z, a matching device whose nature
is of no concern here must be inserted as shown. At A the
impedance looking towards the load, assuming of course that
the matching device has been correctly adjusted, is equal
to Z,. Then, if the matching device is dissipationless, there
is & maximum transfer of energy to the load. The matching

A A B
| | |
Line ! Line ! [
I Load —+ Matching v Load
Z, | Zy | ) I
— Z. ——] Device } Z
I | 1
| [ I
(@) Zo= Z (b) Zow Z

Figure 94.—Various line terminations showing impedance and matching
: relationships.

device thus transforms the load impedance Z to the line
impedance Z, and hence is often termed a transformer.

In matching, it is first necessary to know with some pre-
cision the impedance of the load. The most convenient
method at very high frequencies is to make this measurement
by determining the standing waves produced when this load
is used to terminate a line of known impedance. The
relations between impedance, voltage standing wave ratio S,
and the physical displacement of the voltage node from the
load have been discussed in the previous chapter. Although
the equipment used will be discussed fairly fully in the section
on measurements, it is advisable to give at this stage at least
an idea of its nature. In the case of coaxial transmission
lines, the necessary information may be obtained by a pick-up
probe which projects a small distance into a narrow longi-
tudinal slot in the line, and which may be moved along it.
Fig. 95 shows the complete “ set-up >’ with detecting crystal
and meter.

The arrangement of the slot does not affect the field dis-
tribution inside the line, because for the TEM mode, which

has only axial current flow, it intercepts no current, assuming
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that the slot width is small in comparison with the main
dimensions, Plate X (a) shows a photograph of this type of
equipment.

Once the load impedance has been determined it is con-
venient to work in terms of normalised impedance. This is

A

oL <

Path
Cr‘t_-‘s*ol Probe
By- pass
RF)

A
T

Figure 95.—Impedance measuring equipment. Electrical circuit details.

obtained by dividing the impedance by the characteristic
mpedance. It is equally suitable to work in terms of ad-
mittances rather than impedances, the actual case usually
dictating the choice. When the normalised impedance or
sdmittance is known it is necessary to decide how the trans-
formation to the required value is to be made. This is easily
done by first plotting the load impedance on ¢ither the Smith
or Kennelly charts.

Consider for example the point P in Fig. 96 representing an
mpedance 0:6 — j0-7 (normalised values) plotted on the Smith
chart. To transform this value to that of 1 + j0, point O,
there are several possible devices that may be used :

(a) A reactance of magnitude + j0-7 may be added at the
load. This transforms point P to S along the path shown,
giving a resistive value 0-6. Then, by means of a quarter-
wave section, this value is transformed to 1-0 + j0. [If Z
i8 the normalised characteristic impedance of the i/4 section,
then Zt = (06 x 1-0). Generally Z? = (Z,Z,). For further
explanation see standard reference books.]

BR 12
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The determination of the actual dimensions is a little more
difficult in this case however, as the transformation follows
the curve P’V in Fig. 96. [See Fig. 97 (b).]

So far, the discussion has been limited to the matching of

Malching
N secfhion
Impedance olePHasing _]
Transjormi sechi
section
— .
J)‘: _—
i E—
{o)
Phasing
“ I'ransforrmnq xcr '|
m—
-

(b)

Figure 97.—Matching methods. Physical arrangement of matching
devices.

particular elements and the methods that may be employed.
It is also desirable to have a unit which may be used to match
any arbitrary element that may be chosen. This immediately
presupposes variable elements, thus eliminating the possibility
of the normal A/4 sections. Such units have provision for
adding shunt reactances at various points of the line.

A convenient unit has two reactance elements spaced
4/8 apart and placed so that they are effectively in parallel
with the transmission line. Fig. 98 shows suitable elements
for coaxial lines. The actual function of this transformer is
best illustrated by reference to the Smith chart (see Fig. 99),
which may be used for admittances by reading off values
as ¢ and B, instead of R and X, as in the case of
impedances. The admittance is the reciprocal of the complex
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quantity R + jX,and this transformation may be carried
out on the Smith chart by rotating the impedance point 180

geometrical degrees about the centre and reading the real and
imaginary mmpor:?}a obtained as conductance and sus-
y-

ceptance respectiv
%/A\E[
3
I |

D

Figure 98.—Two stub matching transformer. Physical arrangement
showing stubs and their movable shorting plungers 4.

Figure 99.—Tuning range of two stub matching transformer. The
transformer may be used to match any impedances except those which
lie within the shaded circle.

Assume that point P corresponds to the load admittance
which is to be matched to the line admittance (point O).
The further assumption is made that the reactance elements
may be adjusted to give any reactance between + @ and — oo.
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quencies above and below the design frequency the transformer
is not 4/4, and so introduces a reactance which in turn means
a reflection of power. This is shown in Fig. 101 by points

ZH and Zs.

+X

1y

-X
Figure 101.—Impedance variation with frequency for a high ratio quarter-
wave transformer,
Consider now the transformation from say 40 -+ j0 to 50 + j0
Z = (40 x 50)t
= 44-6 ohms.
This transformation is plotted to the same scale in Fig. 102,

X

-X

Figure 102.—Impedance variation with frequency for a low ratio quarter.
wave transformer.

For the same percentage change of frequency as in Fig. 101,
the corresponding points Z5 and Zg are closer to the required
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In practice, most equipment is designed assuming perfect
conductors, and then with the magnitudes of the current
flow thus obtained and a knowledge of the resistive properties
of the materials involved, the actual losses are determined.

At microwave frequencies, current flow in a conductor is
determined principally by * skin effect,” a discussion of which
has already been given in the previous chapter. If 4, the
depth of penetration, is defined as the depth below the surface
of a conductor at which the current density drops to 1/e of

its surface value,
t
J = 0-029(—1)
g

where g is the conductivity of the conductor in mhos per
centimetre, u, is the relative permeability (u/u,), and 4 is
the wavelength in free space in centimetres.

Fig. 106 gives values of d for different materials for wave-
lengths up to 30 centimetres. As § becomes smaller, the
current flow becomes greater at the surface of the conductor,

a0~ —
% ye
E 30"
& e
< "0 v ?’ﬁﬁ
£ / Shver
2 g
0 G 5 20 i 30

Wavelength A (centimetres)
Figure 106.—The th of penetration (8) of currents in various con-
uctors at very short wavelengths.
and it is because of the excessively high surface current densities
that there are considerable losses.
The actual surface of the material is of some importance,
depending particularly on the application. Very little quan-
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decreased by a factor of safety to give a suitable working
potential difference. This will make allowance for resonant
voltage step-ups which occur in matching devices, chokes, ete.,
as well as preclude the possibility of breakdown due to varying
atmospheric conditions. The breakdown stress is proportional
to the square root of the pressure, a fact of considerable im-
portance in equipment designed for use at high altitude.

The power that can be transmitted in a feeder is given by

P = 6-63 E* a.b. i— 10~* watts
v
for a waveguide® (T'E,, mode) and
7200

for a coaxial line where ¥ is the peak electric field strength.

At A = 10 centimetres and taking 1:5 X 10* volts per centi-
metre a8 the maximum-permissible electric stress, a waveguide
3 inches X 14 inches will carry 2-4 megawatts of power,
whereas a 50 ohm coaxial line, 1§ inches outer conductor,
will only carry 1-0 megawatts.

In practice, it is usual to determine the factor of safety on
& power basis and a value of 0-2 to 0-25 of the maximum value
is commonly used.

watts

5. Design Aspects
The first point to be considered in designing feeders and
associated equipment is the type of feeder to be used. Twin
wire lines are automatically excluded because of their high
radiation at microwave frequencies. Coaxial lines may be used
at frequencies as high as 3,000 megacycles per second but
attenuation is fairly severe at the higher limit. In addition,
the physical dimensions must be kept sufficiently small to
prevent a higher transmission mode existing in the line. It
should be emphasised that in all transmission systems there
should be only one mode of energy propagation. If
two or more exist, the field patterns become complicated and
considerable difficulty would exist in designing equipment to

® See Chapter VI, equation (29).
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has been fixed, it is necessary to limit the actual dimensions,
so that the mean circumference =(r, + r,) is less than A.
If this is not done the T'E,, mode is capable of being propagated.

. \‘\
i-4 Attenuaticn
e g )
g |-ORtimum ] ﬁ.#?
o8 /\ N Maximum resonant
[ 2 224 1
06 Zav 34 :
04{ /// - :
“9 \ ,
— mi$?ﬂ
' W % 720 w6 mo P-fnZe

2o
Figure 111.—Characteristics of coaxial lines as a function of Z, for a
fixed value of ry, Curves are referred to an optimum value of unity.
Leaving aside connection by cables it is apparent that for
high power work, rigid elements must be considered, which for
convenience do not normally exceed about three feet in length.

- Ciamping flonges

/BUH‘

.......... s e
-Ilf, “;:\.\\\\\\

Figure 112.-—Coaxial line joint for a 1§ in. 0.D. line.
The problem is then how to make joints, bends, allow
rotating motion, ete.
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The determination of the fields in a waveguide is treated in
Chapter VI.

The selection of the dimensions of a waveguide for a par-
ticular wavelength is governed mainly by the cut-off or critical
frequency, the power capacity, and the attenuation desired.
With rectangular guides, the most commonly used mode,
which gives the smallest physical dimension is the TE,,. This
has a field distribution as shown in Fig. 116. The current
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Figure 117.—Variation of attenuation with frequency for waveguides
having different dimensions b. (TE;, mode,) -

flow is shown on the surface of the guide and the field dis-
tribution across the cross section.

Fig. 117 shows the variation of attenuation in a waveguide
with frequency and the ratio a/b for a TE,, mode. Although
point A corresponds to minimum attenuation the dimension
a is usually chosen to give an operating frequency B approxi-
mately 1'56 times f,. Greater values of B allow the possibility
of higher order modes being propagated and must be avoided
even though the attenuation is slightly increased.

In the case of the T'E,, mode where the critical frequency
is independent of the dimension b, this dimension must be
chosen from a consideration of the permissible attenuation
and the power to be handled by the waveguide. The question
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Twists may be made in waveguides provided that the guide
is not deformed unduly in cross section. For small reflection,
the length of the twist should be of the order of one wave-
length, or more. Flexible guide may also be used in certain
applications ; however the attenuation is somewhat greater
than for solid guide, and some reflection of power is present.
Flexible guide may be made in a number of ways—in bellows
form with each fold a half wavelength long or wound from
strip as in the construction for flexible metallic piping.

A taper may be used in a waveguide to transform from one
mode to another ; for example, from a 7E,, mode in a round
guide to a TE,, in a rectangular guide. This will be seen to
be a transformation from the lowest mode in one guide to the
lowest in another. Transformation between higher modes
usually introduces unwanted modes which then necessitate
filter devices. The reflections set up at such a taper are a
function of the length of the taper.
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Figure 122. iReﬂectmEla :m‘?: v:g‘t;&pzl:edmghgnﬁ;?:rem of length d

A change in dielectric in a guide may be conveniently made
by taper sections, starting from zero thickness and increasing
to full guide section in a distance d. Fig. 122 shows the
theoretical reflection set up from such a taper. The transition
could of course have been made by means of quarter-wave
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devices to filters of all types will be immediately apparent.

T-junctions in waveguides form an important class of
elements, both as dividing networks and as matching elements,
and they may be treated in much the same way as conventional
six terminal networks as far as impedance properties are con-

fa) H Junclion (b) E Junciion

Figure 125.—Equivalent circuits of 7'-junctions in waveguides.

cerned. With rectangular guides, junctions may be made in
two ways, either in the broad or narrow sides. The impedance
relations in either case are obtained by setting up the wave
equations at the junction and solving for the correct boundary
conditions. This involves higher order modes which, as in
the case of irises are rapidly attenuated at a distance from the
junction. With a TE,, wave, a junction in the broad side
of the guide produces a predominantly series loading to the
main guide and is called an E-junction. A junction in the
broad side produces predominantly shunt loading and is
termed an H-junction. This is not necessarily true for other
main modes of propagation.

The T-junction can best be represented as shown in Fig. 125,
where 1 and 2 are the main arms, and 3 is the side arm. In
either the H or E types, there is a common susceptance or
reactance at the junction and the side arm is connected through
a step down transformer. The effect, besides giving a step
down of impedances from the side arm to the main arm, pro-
duces a phase shift at the junction which must be considered
in the design. To overcome the step down transformer
action, an iris of suitable dimensions or some matching section
must be inserted in the side arm guide. If this is not done,
a correct termination in the side arm will not appear as a

BR 14
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correct termination in the main guide when a shorting plunger
is placed in the main guide on the opposite side of the junction,
and at a correct distance from it.

The impedance or admittance relationships may easily be
determined experimentally by placing known impedances at
two points, and measuring the third impedance. This simple
method will give quite reasonable results.

E comnection (series

Main auldc

2
H connection (parallel )

Figure 126.—'* Magic tee "’ junction in a rectangular waveguide, showing
the side £ and H connections.

By placing a shorting plunger in the side waveguide of a
junction, varying values of reactance or susceptance may be
introduced into the main line. Thus, very convenient match-
ing elements may be made.

By adding a second side waveguide at the junction an eight
terminal network is produced which has also certain imped-
ance symmetries. One special case of interest is that of the
““magic tee,”’ in which there is one side connection to the
broad side and one to the narrow side of the main guide.
Fig. 126 shows the general arrangement.

Consider now a TE,, wave incident at the junction in guide 2.
The magnetic field will couple into both arms of the main
guide and excite waves in them which are in phase. No
wave will be excited in guide 1 because neither the magnetic
nor the electric fields present will couple to it to produce a
TE,, wave. If nowa TE,, wave in guide 1 is incident at the
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guide toa T'M ,, mode in a circular guide. This may be done
in several ways, the criterion of performance being that re-
flections should be negligible and that only the 7'M, mode
exists in the circular guide. Fig. 129 indicates one way in
which it may be done.

From previous remarks the stub will be seen to be effectively
in series with both guides.

The resonant ring is Are,;/4 from the centre of the junction
and presents a high series impedance to the 7'E;,,; mode. The
main stub being Arag,/2, (d,), presents a low series impedance
to the M, mode. Thus the TE,, mode in the circular guide

TM,, mode

f Iric
supporling cylinder

Figure 129.—TE,,—TM,, transformer for transforming a TE,, wave
in a rectangular guids to a 7'M, wave in a circular guide.

is inhibited and the T'M,, encouraged. In this particular
transformation an inductive matching iris is necessary in the
rectangular guide to provide correct matching into the trans-
former. If the device is dissipationless, then by the reciprocity
theorem, the transformation from 7'M ,, to TE,, may be made
with this same device by reversing the power flow.

For transforming from coaxial line to waveguide, a probe or
loop from the coaxial line must be inserted in the waveguide.
For a matched condition to be obtained, the probe or loop
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must be resonant ; this means the probe must be approxi-
mately a quarter of a wavelength, and the loop approximately
a half wavelength long. Two typical couplings are illustrated
in Fig. 130. It will be noticed that in the high power feed (&),

m

(@) (b)
Figure 130.—Coaxial to waveguide couplings.

edges are carefully rounded to prevent high localised electric
stresses.
6. Cavity Resonators

The uses of cavity resonators are numerous, klystrons, magnet-
rons, wavemeters and filters being but a few of the many
applications. Although in theory resonators may have any
shape, in practice they are usually restricted to about three
main forms—circular cylinders, coaxial cylinders and rect-
angular prisms. Because of ease of fabrication, the circular
cylindrical types are the most common. The resonant fre-
quencies of these types of resonator have been given in the
previous chapter.

The coupling to a cavity can be considered as a means of
forming: a flux distribution inside the cavity. As described
in the previous chapter, this may take the form of either
loops, probes or windows, depending on the feed system
employed. Now, the nature and position of the feed influence
the type of mode excited, and by careful design it is
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to represent a resonator in terms of a series loss resistance
and a series inductance and capacity.

Coupling to a cavity is often represented by an ideal trans-
former with an impedance transformation ratio of K*. Fig. 133

Kzt |

ldeal ‘ransformer

Figure 133.—Equivalent circuit of a resonator coupled to a generator
V, and to a load EL.

illustrates a case where a cavity is employed as a band pass
filter coupling a generator to a load as shown. The circuit
may be simplified as shown in Fig. 134 which may then be

Figure 134.—Simplified form of Fig. 133.

analysed to determine its behaviour. As most cavities are
usually employed in a resonant condition the circuit may be
further simplified as shown in Fig. 135. In this circuit, the
input and output couplings K, and K, are entirely arbitrary.

Rl"‘f"‘q
Al
vy (~)

Figure 135.—Simplified circuit of Fig. 133 at the resonant frequency
of the cavity.

They are often chosen to make the input impedance match
that of the generator.

Ry=Ky R
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in common use in this laboratory will be described. Hence,
the following remarks must be taken as indicative only of
some of the methods which may be employed.

Frequency and Wavelength

The question at once arises, which of the two is to be employed.
If we had an exact knowledge of the physical properties of
various media it would be immaterial which were used. This
is not so, however, and for exact work it is preferable to decide
on one or the other. Frequency being the more fundamental,
and being independent of the medium, is the desirable choice.
However, in most laboratory measurements where accuracy
it not paramount it is immaterial which unit is used, a value of
3 x 10'° centimetres per second for the velocity of wave pro-
pagation giving sufficient accuracy for the transformation.

Coaxial lines may be used for measuring wavelength by using
a short length of line with a movable short circuiting plunger.
By measuring the distance between two successive resonance
points the wavelength may be determined. A typical example
is shown in Fig. 137.

From
power source
—— ® Poinler
' Snorii l'-’imqer
s:;allu /Vl e n
_coupling loop ICITTTTTDNT l/r

coaxial Line

Vernier Drive Assembly

Figure 137.—Coaxial type wavemeter. Resonance is indicated by a dip
on the detector meter.

In the particular device shown, resonance is indicated by
a dip in the crystal current reading. The corrections for
field distortion at the loop etc., are very small, and in many

cases a direct reading of the distance will give sufficient accur-
acy.
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Mention has already been made in section 6 of the method
of tuning a cavity resonator. Fig. 131 shows a semi-coaxial
type which may very conveniently be used as a wavemeter.
Alternatively the end plate of a hollow cavity may be moved
in or out to provide means of measuring wavelength. Such
devices must be calibrated either by comparison with a coaxial
type of instrument, or by comparison with the higher harmonics
of a standard crystal oscillator. A crystal and meter are also
coupled into the cavity in order to indicate the resonance
point. Whilst the coaxial type gives a fundamental length
measurement, it will be seen that the cavity type is only a
comparison method and hence requires careful calibration if
accuracy is to be achieved. Fixed wavelength resonators
may be made and their resonant wavelengths determined by
a length measurement. These are then useful as reference
standards to provide check points in the various wavelength
bands. Bracewell” describes a standard cavity of the type
mentioned and also the construction and calibration of a
cavity type wavemeter against a standard crystal.

In certain cases it is permissible to connect the wavemeter
direct to the oscillator or signal source. For high accuracy
however, this is not good practice, for the following reason.
Most signal sourcés, particularly at microwave frequencies,
contain only the oscillator with an output connection directly
from it. As these oscillators do not supply much power, it is
necessary to couple tightly to them which then means that a
fairly large external impedance is reflected into the oscillatory
circuit, thus in part determining the frequency of oscillation.
If the load changes through connecting and disconnecting
the wavemeter, then the oscillator frequency may change.
Tuning through resonance on the wavemeter will cause large
impedance changes and hence may exert a considerable effect
on the frequency. In practice it is best.to isolate the oscillator
with at least 10 decibels attenuation. Indeed it is preferable
to use a directional coupler with a ratio of 100 to 1 to enable

*R. N. Bracewell, ** L-band standard cavity,” C.S.L.R. Radiophysics
Laboratory, rt TI 134/2, SBeptember, 1944 ; and ** L-band eavity wave-

meter,”” C.S.I.LR. Radiophysics Laboratory, Report TI 134/1, September,
1944,



§7 TRANSMISSION LINE TECHNIQUE 211

exercised in their use. Thermistors have a tiny bead
made out of a mixture of metallic oxides (Mny0, 8:0) and
have a negative coefficient of resistance. Their sensitivity
is equivalent to that of the bolometer, and at the same time
they are much more robust.

The actual element to be used must be mounted in a suitable
holder to enable it to absorb all the power and to enable DC
connections to be made to it.

Such a device is shown in Fig. 139 with a matching screw
to take account of variations in individual thermistors. It
is fairly tolerant to frequency changes and requires few or no
correcting factors.

A balanced bridge is used with this instrument to determine
the power. As a rule, the instrument is calibrated on DC or
50 cycles AC and the effective range is from about 10 micro-
watts to 4 to 5 milliwatts.

A typical circuit is shown in Fig. 140.

Coarse balance
contral

Power measuring
patentiomerer
Figure 140.—Thermistor bridge circuit used to measure powers of 100
microwatts to 5 milliwatts.

For measuring high powers on a low power instrument a
directional coupler (section 5b) or a known attenuator must be
used. The attenuation may be either fixed (lossy cable or a
lossy element in the feeder) or may be of a variable type.
The variable types make use of the characteristics of a wave-
guide operated at wavelengths longer than the critical value.

BR 15
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The propagation constant in a waveguide is given by equation

17 of Chapter VI.
2
I = (?) — wleu .

If (2n/A,)* < wbeu, I is imaginary and so gives propagation
with a real velocity and no attenuation. If, however,
(2r/4,)* > wreu, I' is real and represents attenuation.

Taking the latter case, it can be shown that

2
o = 2—’—:\/1 — (i‘-') nepers per metre,
A A

This gives an attenuation device which may easily and correctly
be calibrated by a length measurement and which moreover
has the advantage of providing a linear variation when cali-

80
70
60 a= 15'; decibels per centimetre
50 g = Radius of rube in centimerres
K 40 A = Free space m‘.mrhmwlrmm
30 ™™, ™,
20 VE,

10 \
0

of 02 O3 04 05 o6 07 08 05 K0

Figure 141.—Attenuation in a circular waveguide which is operated below
its critical frequency.

brated in decibels. The most commonly used excitation is
that in circular guides of TE,, or TM,, modes. In Fig. 141
a graphical means is given of determining the attenuation for
any of several modes.



CHAPTER VIII

AERIALS

THE development of ultra high frequency and microwave
techniques during the last few years has given rise to a corres-
ponding development in aerial design. The tendency has
been to produce either very narrow beams or beams with
a predetermined directional characteristic. To some extent
this has occurred through modification of long wave techniques,
e.g. the use of arrays of dipoles ete., but, because of the fact
that it is possible at these frequencies to make aerials with
linear dimensions large with respect to the wavelength, the
problem has also been approached from the point of view
of geometrical optics, and this has resulted in aerials using
paraboloids, lenses, etc. A further type of aerial has developed
out of the obvious use of an open ended waveguide as a radiator,
namely the flared waveguide or horn aerial.

The theory of directional aerials at these frequencies is
very similar to the theory of diffraction in optics. For instance,
an array of point sources is analogous to a diffraction grating,
the radiated field from a paraboloid fed by a point source
corresponds to the optical case of Fraunhofer diffraction at
an aperture, and that of a sectoral horn arises from Fresnel
diffraction at its aperture.

The various types of aerials have been broadly grouped
into the following three categories for the purposes of dis-
cussion.,

(a) Elementary radiators, of which the half wave dipole
is one of the most important types.

(b) Arrays of elementary radiators.
(c¢) Continuous surface radiators. These are aerials in
which the radiation is produced by a continuous current

distribution in a conducting sheet or by a continuous field
distribution across an aperture, where the dimensions of the
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radiation to the average radiated power per unit solid angle

4D or

JPd2
4n

~ fordQ

i.e. Directivity =

(3)

where 2 is the solid angle.

The gain of an aerial is defined relative to a standard radiator,
and is the ratio of the power which must be supplied to the
standard to produce a given field at a given distance in the
direction of maximum radiation, to that which must be sup-
plied to the aerial to produce the same field at the same dis-
tance. The standard aerial may be a hypothetical spherical
(isotropic) radiator, a half wave dipole, or a short current
element (infinitesimal dipole). The factors relating these three
definitions of gain may be easily found, since the gain, G,, of
an infinitesimal dipole relative to a spherical radiator is 1-5
and that of a half wave dipole is 1-64. For an aerial in which
there are no ohmic losses, the gain relative to a spherical
radiator is equal to the directivity. An example for which
this is not so is that of a rhombic aerial in which some of the
power supplied to the system is dissipated in a resistive load.
Another example is the non-resonant array of section 4.

Except in a few cases, the term gain will be employed in this
chapter even when strictly directivity is meant, since in most
of the aerials described ohmic losses are negligible. The
symbols G,, G, G, will be used for gain relative to a spherical,
infinitesimal, or half wave radiator respectively.

Radiation Resistance

The radiation resistance of an aerial referred to a given point
in the system is equal to the resistance which, if inserted at
that point, would dissipate the same energy as is actually
radiated by the system. If the current at the reference point
is I, then
R, — Radmtra}iz power (6)

a

The concept of radiation resistance has its most important
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to equal the energy actually removed and absorbed in the
load. It may be shown that

G, A?
= — * \ 4
4, = —— P*6.9) (14)
G,At
Hence Ay oz = 4'“ (15)

when the aerial has optimum orientation. If the actual
cross sectional area of the aerial equals the absorption cross
section then

4nAd
G. = —ii—'.

It will be seen in the next section that this is the gain of an
aerial which, when transmitting, has a field distribution
uniform in phase and amplitude across an area A.

Re-radiation Cross Section (A,)

Since currents are induced in an aerial by the incident wave,
re-radiation can take place, and the re-radiation cross section
is defined as the area of the incident wave front from which
energy would have to be absorbed to equal the energy re-
radiated. It is often erroneously stated, on the basis of a
simple circuit analogy, that for any matched aerial the re-
ceived energy is equally distributed between load resistance
and radiation resistance, and so the re-radiation cross section
equals the absorption cross section. If this were so, the black
body concept, so useful in thermo-dynamics would be invalid.

A more exact circuit analogy is given in Fig. 146. The
infinite transmission line of characteristic impedance Z,
represents free space which guides the wave to the aerial
represented by the impedance Z. The impedance looking into
the line at 44’ represents radiation resistance and equals }Z,,
and so for a matched aerial we must have Z = }Z,. It can
be shown that in this case, of the incident power P, P/2 is
absorbed and P/2 ‘ re-radiated,” half of this being re-
flected and half transmitted. This case would correspond
to an array of dipoles without any reflecting sheet, and so
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Because of the high reactive component of the impedance
of short current elements and because it is in general more
convenient to use a resonant dipole, they are rarely used
at ultra high frequency except where there is a restriction
on size as in the case of detector probes for impedance measur-
ing gear etc.

The Half Wave Dipole

A thin conductor one half wavelength long behaves as a
resonant element, and if the current distribution along it is
known the radiation field may be calculated by considering
it as an aggregate of current elements. This treatment leads

to the following results :
£
oon (G sn 0)
cos

where the dipole is centred at the origin of the coordinate
system of Fig. 144 and lies along the z axis. The polar diagram

Current element

S8(0,¢) = (21)

Half wave dipole
Figure 147.—Polar diagrams of a short current element and a half wave
dipole in a plane containing them.
of a half wave dipole is plotted in Fig. 147 and may be com-
pared with that of a short current element.

R, — 73-3 ohms (22)

where R, is referred to the centre of the dipole
G, = 1-64 (23)
Pg,.. = 346 x 10 j2 B (24)

A,  =0132. (25)

BR 16
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If a matched load is inserted at the centre of the dipole, then
the voltage induced across it by an incident field £ is given
by
y —*E (26)
2n

Effect of Finite Thickness of a Half Wave Dipole. The main
effect of finite thickness is to increase the bandwidth and to
decrease the resonant length (see Fig. 152). Thus fat dipoles
must be used when wide bandwidth is required. The effect
on 8, R,, G,, eto. is of the second order.

The Dipole as a Circuit Element. The assumption of a sinusoidal
current distribution leads to useful results in the case of the
thin half wave dipole, but it gives no indication of the pro-
perties of an actual dipole. In some other cases the treat-
ment is useless. For instance in the case of an aerial one
wavelength long and fed at the centre, the current at the centre
becomes zero and the impedance infinite.

f

/ N\ﬂa}

Figure 148.—Conical radiator with spherical ends and boundary sphere (8).

A method of overcoming this difficulty is used by Schel-
kunoff.? He considers a conical dipole of section given in
Fig. 148, and assumes that the aerial and the surrounding

' 8. A. Schelkunoff, Electromagnetic Waves, Van Nostrand, New Yorlk,
1943, pp. 441.79.
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For a half wave conical dipole of half angle y

Q + 276log,, > (34)
The bandwidth is found from equation (7) to be
Af 17
F K (35)

when the dipole matches the line at the resonant frequency.

Fig. 152 gives K, %‘f, @ and percentage deviation p of the
resonant length from 1/2 for a cylindrical dipole.
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Figure 152.—Characteristic impedance, @, and pe mentaga deviation of

resonant length from half wave, of a cylindrical dipole of length 2/ and
diameter 2¢ at half-wave resonance.
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Methods of Feeding Dipoles

A dipole may be energised through a transmission line con-
nected to its centre, and the feed is termed either resonant or
non-resonant depending on whether or not standing waves
exist on the line. It is in general desirable with high power
radar transmitters to use a non-resonant feed since, for the
same power, the maximum voltages appearing on the feeder
are larger in the case of a resonant system.

Twin Line Feed. (¢) Resonant. This consists of a twin line,
an integral number of half wavelengths long connected between
generator and dipole (Fig. 153). The impedance presented
to the generator is thus the dipole impedance. The standing
wave ratio on this feed depends on the ratio of characteristic

-

Flgum 1563.—Dipole with resonant feed consisting of a twin line an
integral number of half-waves in length.

impedance Z, of the line to the dipole impedance. Such feeds
find their major application as connecting links between the
elements of arrays.

(b) Non-resonant. If no standing waves are to exist on the
line it must be matched to the dipole, for instance by making
Z, equal to the resonant dipole impedance. This, however, is
in general difficult except when low powers are used and a
line of very small spacing can be employed. If Z, ¥ Z,, then
a matching network such as a quarter wave transformer
(Fig. 154) or a system of stubs must be used. Methods of
matching transmission lines to loads are described in
Chapter VII.
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be excited by spacing them along a waveguide. The coupling
to the guide and therefore the amount of energy abstracted
from the guide can be adjusted by means of the probe.

Figure 157.—Half-wave dipole excited from a waveguide by means of a
probe situated parallel to the electrie field.

Slot Radiators®

The concept of a slot in a conducting sheet as an efficient
radiator is rather novel. It may be shown that a narrow
slot approximately one half wavelength long in an infinite
conducting sheet and energised at its centre 44‘, (Fig. 158)

Figure 158.—Half-wave resonant rectangular slot in a conducting sheet,

behaves as an efficient resonant radiator of energy. To a first
approximation it behaves in a similar fashion to a twin trans-
mission line shorted at each end and fed at the centre, thus
making it a resonant element. However, owing to the fact
that the currents are not localised but spread out over the

1 H. G. Booker, “8lot aerials and their relation to complementary wire
serials (Babinet's principle),” J. Instn. Elect. Engrs., Vol. 93, Part IIla,
1946, pp. 620-6.
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sheet, the radiation from the slot is much greater than that
from a two wire transmission line.

The properties of a slot may be determined from the equival-
ent properties of the complementary dipole by application of a
modification of Babinet’s principle which arises in optics.?
Thus the field of a slot is obtained from that of the comple-
mentary dipole by interchanging electric and magnetic fields
and reversing their direction on one side of the slot. That is, a
slot is analogous to a hypothetical dipole consisting of a
‘“ perfect conductor of magnetic current ” fed at its centre
by a ““ magnetic current generator.” A vertical slot has the
same polar diagram and gain as a vertical dipole but produces
a horizontally polarised field.

The radiation resistance of a narrow resonant slot is given by

,?'I
R.s - R, = 2 (36)
R,, = slot resistance
R,; = dipole resistance = 73 ohms.
Hence R,, = 485 ohms. (37)

The bandwidth of a rectangular resonant slot is equal to
that of the complementary dipole and is about one half that
of a cylindrical dipole of diameter equal to the slot width.
Since the resonant length of a rectangular slot is slightly less
than 1/2 and obeys a similar law to that of a half wave dipole
(see Fig. 152) we have for a slot of length 2! and width b

Q =55 logm% — 24 (38)
0-03
A}f = 1 (39)
10810 5 - 0'43

The current induced in a matched load at the centre of a
slot by a field £ is given in terms of the voltage induced across
a matched load connected to the complementary dipole by

I, = = Fd‘ (40)

2]

Similarly I, = —V, (41)

|
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GH intercepts shunt currents and so presents a shunt load
lumped at the centre of the slot. GH is a shunt slot with
maximum coupling to the guide. This coupling niay be
reduced in either of the ways shown in Fig. 164.

C

S

D £

—\ ) —

==

7

Ly

Figure 163.—Resonant slots in a waveguide. EF and GH are series
and shunt slote respectively, while 4 B and CD are non-radiating slots.

The conductances presented to the guide by the slots of
Fig. 164 (a) and (b) expressed as a ratio to the *‘ characteristic
conductance ”’ of the guide are*

g — k sin? (?) (44)

and g = k sin%¢ (45)
respectively, where

k—zw___ ( .) (46)

Aand A, are the free space and guide wavelengths respectively.

ol s
1 V4

] b

Figure 164.—(a) and (b) show how the coupling of a shunt slot to a wave-
guide may be varied by either displacing it towards the centre of the broad
face of the guide or by suitably orienting it in the narrow face.
If g = 1 and the guide is shorted one quarter wavelength from
the end of the slot, all the energy supplied to the guide is

¢ W. H. Watson, ‘' Resonant slots,” J. Instn. Elect. Engrs., Vol. 93, Part
1I1a, 1946, pp. 747-77. :
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Dieleetric Rod Aerials

The use of a dielectric rod as a leaky waveguide radiator is of
relatively recent origin and, although it is not an array in the
sense of an aggregate of elementary radiators, it may be
considered as the limiting case of an end-fire array and so has
been included in this section.

If in (561) we let I tend to zero and keep a (i.e. nl) constant,
we obtain a line distribution of uniform amplitude and with

a progressive phase lag of 360 degrees per wavelength along
the array. This gives

sin (22 sin? ﬂ)
1 2
80) = —5—— (57)
7 '3
q, = "‘T" (@> A). (58)

It is interesting to note that this is the same as that of a long
end-fire array of point sources, 1/4 apart.

The dielectric aerial provides a method of realising the
required phase distribution, although in general it will not
give a uniform amplitude distribution. It consists of a tapered
dielectric waveguide (Fig. 167) propagating a transverse electric
wave and adjusted so that the velocity of the wave is
equal to the free space velocity by shaping the rod, balancing
the dielectric retardation against the waveguide acceleration.

ircular wequid-:
Dielect

/~ Didectric
A7,

———Direction of propagation

Figure 167.—Dielectric rod radiator.

Leakage from the rod, which may be fed from the wide end
by matching it to a circular waveguide, causes it to act as an
end-fire array. The power gain obtainable is slightly less
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array. For a continuous, in phase, line distribution of length «a

sin (JI—: cos 3)
m »

— co8 0

A

8(6) = (62)

2a
G,=T'

(63)

Comparing this with (61), it is seen that a broadside array of
elements A/2 apart has the same gain as a continuous line
distribution of the same length.

Beam Width. For large n, the width of the main lobe between
zeros is

4 = g" radians (64)
1204
e — degrees (65)

where a = overall length. The total beam width to half field
points on the polar diagram is given approximately by

d = %1 degrees. (66)
Reetangular Arrays
The most general array is a three dimensional lattice of ele-

ments, and the characteristics of such arrays may be deter-
mined from the following rule.

Array of Arrays Rule. An aerial array may be considered as
a combination of elementary arrays forming an array of arrays.
The directional characteristics of such an array is given by the
directional characteristics of the elementary array multiplied
by the directional characteristics of the combination of ele-
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being 180 degrees out of phase with the array. The spacing
of the elements from the reflector is not critical, but for very
close spacing the impedance of the elements will be very low.
In order to satisfy (49) the spacing should be 4/4 or less.

In Fig. 170 is plotted the radiation resistance of a 1/2
dipole situated at a distance d from and parallel to an infinite
reflecting sheet together with the directivity, D, of the system

/—D- Directivity ;"’V% dipole
5 100 4

Y /\/— R=Radiation rLat;nce
f ~

4

) W /0

ZERN

0 -8 1-0 -5
d
)

Figure 170.—Radiation resistance and directivity of a half-way dipole
at a distance d from, and parallel to, an infinite conducting sheet.

relative to that of an isolated dipole. The curve for gain
is substantially the same as that for directivity except at small
spacings, when it becomes less due to ohmic resistance. The
equation to the directivity curve is

o B (o 7Y
D--R 2 sin 2 (70)

where R, = 733w = radiation resistance of an isolated
dipole, and R = radiation resistance of the dipole and reflector.
If R equals the sum of the sum of the ohmic and radiation re-
sistances presented at the dipole terminals, (70) gives the gain
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Feeding of Broadside Arrays

The simplest method of feeding broadside arrays is by spacing
the elements along a transmission line or waveguide. A
typical case is illustrated in Fig. 171. Each alternate dipole
is reversed to compensate for the 180 degrees change in phase
along a A/2 length of line. This is a resonant feed, since
standing waves will exist on the feed line. An alternative to
reversing the dipoles is to transpose the line between dipoles.

If the dipoles are spaced, say, every 200 degrees along the
line instead of 180 degrees, the reflections back along the line
from each element tend to cancel and the standing waves on

)
|

Figure 171.—Resonant-fed array of parallel half wave dipoles.

e
r-\.

‘the line are reduced. The array is fed from one end, each
element extracting a small fraction of the power, and the
residue (generally about 10 per cent) is absorbed by a matched
load at the other end. However since each element has to
extract a progressively greater percentage of the power in
order to maintain a given excitation, they must present a
progressively smaller impedance to the line. This is generally
difficult to arrange. Also the presence of the elements modifies
the phase along the line and so the phase difference between
the elements will vary from the desired amount. This effect
however is usually small. A slight disadvantage is that if
the elements are spaced every 200 degrees along the line (the
line being transposed between radiators) there is a progressive
phase difference of 20 degrees between radiators which will
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being obtained by placing alternate slots on opposite sides
of the centre line. Coupling is varied by adjusting the distance
of the slot from the centre line [see equation (44)]. Slots
may be excited by any of the methods described previously.

For non-resonant feeds the elements could be spaced, say,
200 degrees (in the guide) and the array terminated in a
matched load. In this case, again, the beam will be deflected
from the normal to the array. Because of the ease of varying
the coupling of individual radiators, a non-resonant array is
more easily obtainable in waveguide than conventional trans-
mission line. A method of calculating the required element
impedances is given in a report by Kaiser.®

If in Fig. 172, 1 = 4,/2, (where 1, = guide wavelength),
and the guide is shorted 1/4 beyond the centre of the end
radiator, a resonant system analogous to that of Fig. 171 is
obtained, the only difference being that the element spacing
is greater than one half wavelength in free space.

A
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Figure 173.—Thirty-two element array of half-wave end-fed dipoles used

with radar-set type LW/AW Mk.I showing the feeder system which
uses 330 ohm twin transmission line throughout.

An example of the feeding of a typical rectangular array is
given in Fig. 173. This array was used with the Australian

* T. R. Kaiser, “The design of a waveguide-fed slot array to produce
& cosec® § polar diagram,” C.8.I.R. Radiophysics Laboratory, Report TT 223,
January, 1946; A, L. Cullen and F. K. Goward.”
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impedance of the element and the mutual impedances between
it and all other elements. Tables of mutual impedances of
A/2 dipoles for various spacings and displacements are given
by Terman,® (p. 779) and a more extensive table by Tele-
communications Research Establishment.® If the number
of elements is large, mutual effects tend to cancel and may be
neglected.

Arrays of Dieleetric Rods

The gain of a rectangular array of elements backed by a
reflector is seen by (72) to be proportional to the area of the
array. A somewhat higher gain may be obtained if each
element of the array is itself an end-fire array. This implies
that the absorption cross section of the array is greater than
the actual area. The increase is greatest for small arrays.
An example of this type is a broadside array of dielectric rods.
Such a system has been developed by Bell Telephone Labora-
tories.

Yagi Arrays

The Yagi is a particular type of end-fire array consisting of a
single fed element and a number of parasite elements. Cur-
rents are induced in the latter and the element spacings and
parasitic impedances are arranged so that these currents
produce fields which reinforce along the array.

If a parasitic element causes maximum radiation along the
line from the driven element to the parasitic it is termed a
director, and if in the opposite direction, a reflector. A
dipole of length slightly less than the resonant length (i.e. with
a capacitive impedance) behaves as a director, while if it is
slightly greater (inductive) it behaves as a reflector. The
optimum values of the lengths of such elements depend on the
spacing, the length being adjusted so that the reactive com-
ponent of the impedance causes the parasitic current to lag
or lead the current in the fed element by the desired amount.

* Telecommunications Research Esl.a.bhshment.. Mathematics Group,
" Mutual impedance of half wave aerials,” T.R.E. Report M3, January, 1941;

R. A. Smith, Aerials for Metre and Decimetre Wavelengths, Camhndge Univer-
sity Press, 1949, pp. 10-1.
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of solving the diffraction problem is advanced. However,
if the aperture is large with respect to the wavelength, the
simple application of Huygens’ principle gives results which
agree closely with experiment.

o= 5 —zxop X

@= 1 — Lvop | %

Note:- € and @ ore not spheric

al
polors, but are used fo I‘
preserve symmefry “

Y

Figure 174.—Coordinate system for specifying the space factors (8, ¢)
of an illuminated plane aperture in an opaque sheet situated in

XO0Y plane. The direction (8, ¢) is that of the vector OFP which has
direction cosines sin # and sin ¢ relative to the X and Y axes.

The space factor for a plane aperture 4 (Fig. 174) may be

shown to be

2x . . .

J 5 (zsin 8 + ysin ¢)

8(6,6) = | [ Flzy)e * dA (74)
A

where F(z,y) = f(z,y)e Jot) defines the aperture distribution

in both amplitude and phase. The integral of (74) gives the
amplitude and phase in the diffracted field and its amplitude
gives 8(0,4). The space factor of (74) does not quite satisfy
the definition of section 1 in that its maximum value, in general,
is not unity. If the aerial produces a sufficiently narrow
beam (i.e. if A is large) then we may write

sin § = 0

sin ¢ = ¢
and (74) becomes

-
Y (0 + yé)

8(0,8) = | [ F(zx,y) e dA|. (75)
A
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Reectangular Aperture

Consider a rectangular aperture of dimensions @ and b in the
z and y directions respectively, illuminated so that the aperture
distribution may be expressed by

F(z,y) = Fy(z) . Fyy). (80)
This gives
a/? 21 in @ b/2 2m
8(6,4) = {grlme e dx‘ | Fiwre Tyt ‘ (81)
where
a/2 zwain ]
8(6) = jF,(x)e dz (82)
and
b/2 2w
S =| S Fie N *dy{ (83)

are the one dimensional space factors in the planes ¢ = 0 and
6 = 0 respectively. Thus we need only consider the one
dimensional polar diagrams.

Similarly we may write

Y =717 (84)
where y, and y, are the vertical and horizontal one dimensional
gain factors respectively.

a/2

[ F,
_ |=a/2
?1 - a,r‘?

a [

—a/2

(85)

1(17]

Graphs of S(6) and gain factors for a number of distributions
F(x) are given by Ryan.!!
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Uniformly Illuminated Reectangular Aperture
From (86) we obtain for the space factor in the plane ¢ = 0

(Fig. 174)
. i 71 2
sin (—14 sin G)
na

< sin 6
sin ni&
A
nab
e
which is the same as that for the continuous, in-phase, linear
array of p. 246.
From equation (76)

8(6) =

(89)

4nab
it
where a and b are the sides of the aperture.
Equation (89) gives the beam widths in the plane ¢ = 0 to be

G, =

4 = 1202 degrees between the first two minima,

é = 70; degrees to the half field points,

amplitude of first side lobe = 21 per cent.

The important results are that gain is proportional to area
and that beam width is inversely proportional to linear dimen-
sions.

Circular Aperture With Uniform Illumination
It may be shown that

A
2
Also G, = Jﬂ from equation (76).
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The case of a circular aperture having a circularly symmet-
rical amplitude distribution given by

iy =1 - (),

al
where r is distance from the centre of the aperture, is evaluated
by Ryan!! for 0 < ¢ < 2.

Parabolic Reflectors

The use of a parabolic reflector to obtain an equiphase dis-
tribution across a plane aperture is very common. Such.
reflectors may be either paraboloids of revolution with circular
apertures or parabolic cylinders with rectangular apertures.
The former may be cut so that the projected aperture is rect-
angular in shape. The source of excitation or feed in the case
of the paraboloid must be an effective point source and in the
case of a parabolic cylinder it must act as an effective line
source.

If the field distribution in the aperture of the parabolic
reflector is known by calculation or measurement, the radiation
characteristics may be calculated by the principles and results
discussed in the previous sections.

Paraboloids. For the theoretical behaviour of paraboloids
with various feeds the reader is referred to the papers listed
below.13

The condition of uniform phase across the aperture of a
paraboloid is automatically obtained by using a small (effec-
tively point) source at its focus ; however, a uniform amplitude
distribution is never obtained owing to the peculiar polar
diagram which would be required from the source. If the
focus were in the plane of the aperture, four times more energy
would have to be directed at the edge than at the centre.

12 C, C. Cutler, " Parabolic antenna design for microwaves,” Proc. I.R.E.
Vol. 35, 1947, pp. 1284.94; E. G. Brewitt-Taylor, "' A detailed experimental
study of the factors influencing the polar diagram of a dipole in a parabolic
mirror,” J. Instn. Elect. Engrs., Vol. 93, Part [I1a, 1946, pp. 679-82: H. T.
Friis and W. D. Lewis, " Radar antennas,”” Bell Syst. Tech. J., Vol. 26, 1947,
pp. 219-317; R. Dabord, “ Reffecteurs et lignes de transmission pour ondes

-courtes,” Onde Eleet., Vol. 11, 1932, pp. 53-82.
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The effect of the tapered distribution is to lower the gain,
at the same time widening the beam and reducing side lobes.
By using a suitable aperture distribution side lobes may be
entirely eliminated at the expense of a broader beam. Fig. 177
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Figure 177.—Illustrates how a suitably tapered aperture illumination
produces a diagram with no side lobes.

illustrates such a case, where the distribution is given by

F(x) =1 — sin ;%_a:‘ The diagram corresponding to F(x) =1

is given also for comparison.
The simplest feed is a single dipole and it is shown theoretic-
ally by Darbord!® that the optimum dish is one with its focus

A choke
F1

T = porasitic dipole or
dec reflector

concentric cable

Figure 178.—Paraboloid with dipole feed.

in the aperture plane. However, owing to the small degree
of illumination at the edges, it may be economical to have the
focus a short distance in front. The gain factor of such a
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The ends of the parabolic cylinder may be closed by parallel
plates without materially affecting the performance if the
electric vector is parallel to the axis of cylinder. H however
the electric vector is parallel to the end plates, waveguide
propagation may take place within the cylinder and allowance
may have to be made for this, especially in short cylinders.

-

L

\ line source
\

Figure 181.—Parabolic cylinder fed by a line source.

Cheese Aerial

This is the name given to a parabolic cylinder closed
at its ends by parallel plates and fed with the electric vector
parallel to the plates. Fig. 182 shows a cheese fed by a
sectoral horn (see p. 271) excited in the TE,, mode.

—1

h

-

Figure 182.—Cheese aerial with a horn feed.

Unless the cheese is sufficiently narrow many modes of
propagation may occur within it ; however, by using a horn
feed of aperture equal to the cheese height, the lowest TE
mode only is propagated and the amplitude distribution across
the short dimension of the aperture follows a cosine law corres-
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at the narrow dimension of the horn, which causes a very wide
beam having its phase centre almost in the aperture. This
distribution will of course be tapered. The effective phase
centre for illumination of the narrow dimension of the cheese
is near the apex of the horn. If the height of the cheese is
small, it may be fed by an open ended waveguide.

Pill Box Aerial¢

If a parabolic cylinder closed at both ends is fed by a wave
having its electric field parallel to the cylinder, only one wave,
the TEM, can be propagated, and the phase velocity between
the plates equals the free space velocity. A typical pill box
with waveguide feed is shown in Fig. 185. The distribution
across the narrow dimension in this case is constant.

‘""‘__\_
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Figure 185.—Pill-box aerial with waveguide feed.

Both the pill box and the narrow cheese provide a good
approximation to a line source with phase centre just inside
the aperture, producing a very narrow beam in their own plane
and a wide beam in the plane at right angles.

Bandwidth of Reflector Type Aerials

Since the feed can be made with a relatively large bandwidth,
the bandwidth of a reflector type aerial is considerably greater
than that of an array. It is however slightly less than the
bandwidth of the feed since some of the reflected energy
is picked up by the feed and causes standing waves on
the feeder. This standing wave can be eliminated at one
frequency by a matching adjustment on the feeder, but will be
present for other frequencies owing to the change in phase of

14 H, T. Friisa and W. D. Lewis, "‘Radar antennas,” Bell Syst. Tech. J.,
Vol. 26, 1947, pp. 219-317.
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the horn angle, at some point the gain will commence to
decrease. In the case of the T'K,, wave this occurs when the
phase difference between the fields at the edge and centre of
the aperture is 90 degrees.

(c) TEq Biconical horn

@ T sesm M
e ——————

(d) TEM Biconical horn
r ——
0
-— b —

i

(b) TE°| Sectoral horn

(e) TE,, Conical horn
——— Electric lines
—=—= Magnetic lines
Figure 188.—Field confi tions in sectoral, conical, and biconical
electromagnetic horns.

Sectoral Horn Excited by the TE,, Mode [Fig. 188 (b)]. The
assumption that the aperture distribution is the same as that
which would exist at that point in an infinite horn of the same
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Conical Horn.'* For a TE,, conical horn [Fig. 188 (e)] fed by
a circular waveguide, the optimum dimensions are given by

. 0'31 CcOo8 i'lp. {IOU]
1 — cos dp

Biconical Horn.?* Fig. 188 (c) and (d) illustrate the form of
the electromagnetic field in a biconical horn for the TE,, and
the TEM mode respectively. It will be noted that the former
corresponds to the 7'E [, mode in a sectoral horn, and the latter
to the TE,, mode; thus the optimum dimensions are the
same in both cases.

If we consider a meridian plane only, the gain factor corres-
ponding to the aperture distribution is the same as for the
corresponding sectoral horn and may be found from equations
(93) and (96) or from Fig. 189 for given horn dimensions.
The gain is then given by2!

2a

G =y. 7 (101)

since 2a/A is the gain corresponding to uniform phase and
amplitude aperture distribution [see equation (63)].

For optimum horns,

TEM TE,
a = V2ir, a = 178V ir, (102)
@ a
G, = 1-61. Q@, = 1-231- (103)

Bandwidth of Horns. Effectively the horn may be regarded
as a tapered matching section between the guide and free
space, thus if the taper is not too rapid the impedance of the
horn will not vary rapidly with change in frequency.

1% G, C. Southworth and A. P. King, ** Metal horns as directive receivers
of ultra short waves,”" Proc, I.R.E., Vol. 27, February, 1939, p. 95.

20 W. L. Barrow, L. J. Chu and J. J. Jansen, ** Biconical electromagnetic
horns,” Proe, I.R.E., Vol. 27, December, 1939, p. 769.

1 Barrow, Chu and Jansen have plotted gain relative to a current element
against flare angle for various values of r,/A; however, the figures for gain
are 4-8 times higher than expected from (101) i.e. some 3 or 4 times higher
than that of an in-phase, uniform amplitude, line source of the same aperture.



